UNf-1  ASS 


security  classification  or 'this  p 


REPORT  DOCUMENTATION  PA6E 


I.  REPORT  NUMBER 

81-47D 


^0 

h* 

S-0 


o 


7W 


12.  COVT  ACCESSION  > 

\AfrA/06  T** 

Txt 


♦•— <-»«* su6K«f)  j The  H-Function  and  Probability 
[Functions  of  Certain  Algebraic  Combinations  of 
Independent  Random  Variables  with  H-Function 
Probability  Distribution. 


|  7.  AUJTHORf.)  __ 

CiT)  - /  7 

Majofjlvy  Dewey  Cook,  Jr/ 


J 


C% 

c 

c 

I 

t 

- 1 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


RECIPIENT’S  CATALOG  NUMBER 


.  TYRE* or  REPORT  A  PERIOD  COVERED 

JJTOS/DISSERTATION 


«.  PERFORMING  ORG.  REPORT  NUMBER 


»  PERFORMING  ORGANIZATION  NAME  AND  AOORESS 

AFIT  STUDENT  AT:  Univ  of  Texas  at  Austin 


a.  contract  or  grant  num^ier<*j 

- : — fliwT.'Piwj'igT.nrra  1 

BERS 


1 1.  controlling  office  name  and  address 

AFIT/NR 
WPAFB  OH  45433 


M.  monitoring  AGENCY  NAME  a  ADORESSflf  dUUtwM  from  Controlling  OHIco) 

1  i  '  -  th-  ■-> 


‘t  l 


y 


la^-pRuuKAU  W  _ 

AREA  a  WORK  UNIT 


:/j>,  m  ' 


L- 


,  rT~~^{rn‘T  — i 

(\H)  May  W81/ 


TT7-  HUUBCA  of  pages 

228 


IS.  SECURITY  CLASS,  (of  thl.  rmpon) 

UNCLASS 


is*,  oeclassi  Ft  cation/ down  gr  aoi  ng 
SCHEDULE 


16.  DISTRIBUTION  STATEMENT  fol  (Ala  Rapa ri) 

APPROVED  FOR  PUBLIC  RELEASE;  DISTRIBUTION  UNLIMITED 


1  17-  DISTRIBUTION  STATEMENT  fol  thm  mbmtwmct  mmtmcmd  km  Block  20,  II  dllltml  Oran  Ba+mrl)  J 

16  OCT  '981 

Wr  Force  ‘nslitute  c!  Technology  (ATC) 
yMgM-PatleTsan  AfB,  OH  45433 

A  .  1  l 

is.  ^supplementary  notes 

/1-J*  f  ju/lU 

APPROVED  FOR  PUBLIC  RELEASE:  IAU  AFR  190-17 

■utMl/4  ivrirH  Mm4r  m  HP 

Dtmctor  oi  Public  Attain 

19.  KEY  WOROS  (Continue  on  rmvmram  aidm  II  nmcmmmmry  m nd  IdmmHty  by  Moo*  ntmtbm  r) 


20.  ABSTRACT  fConllniM  on  rovoroo  ml  dm  If  mmc  mmmmy  Identify  by  block  numbmt) 


ATTACHED 


ELECTE 
NOV  6  1981 


81  10  27  258 


DO  t  j  ah  is  1473  EDITION  OF  I  NOV  SS  IS  OBSOLETE 

y,‘t  /  y  *  V 


UNCLASS 


SECURITY  CL ASSIFIC ATIOR  OF  TNIS  PAGE  fORm  Dm*  Bn urM) 


THE  H-  FUNCTION  AND  PROBABILITY  DENSITY  FUNCTIONS  OF  CERTAIN 
ALGEBRAIC  COMBINATIONS  OF  INDEPENDENT  RANDOM  VARIABLES 
WITH  H-  FUNCTION  PROBABILITY  DISTRIBUTIONS 


Ivy  Dewey  Cook,  Jr.,  Ph.D.,  Major,  USAF, 

The  University  of  Texas  at  Austin,  1981,  239  pages. 


Supervising  Professor:  J.  Wesley  Barnes 


A  practical  technique  is  presented  for  determining  the  exact 
probability  density  function  and  cumulative  distribution  function  of 
a  sum  of  any  number  of  terms  involving  any  combination  of  products, 
quotients,  and  powers  of  independent  random  variables  with  H-  function 
distributions.  The  H-  function  is  the  most  general  named  function, 


encompassing  as  special  cases  most  of  the  other  special  functions  of 
mathematics  and  many  of  the  classical  statistical  distributions.  Its 
unique  properties  make  it  a  powerful  tool  for  statistical  analysis. 

In  particular,  the  product,  quotient,  and  powers  of  independent 

H-  function  variates  are  also  H- function  variates,  and  the  Laplace 

and  Fourier  transforms  and  the  derivatives  of  an  H-  function  are  " Accession  F0T,_ 

"rrif  ok 

readily-determined  H- functions.  T  J:  '  T  U5 


U/ ■■■!  ••-•'HCtd 


This  dissertation 


provides  background  material,  including!. 


.  ■  ■; .  ,::\t  t  on_  -  --  — 


■■ .  tut  i  r>/ 

,11  s  p.t.v  Codes 

.-..oil  or 

rial 


>..!*»  »r  •  »*•»•«« 


vV 


history  on  H  -  functions  a nr  I  the  algebra  of  random  variables 

*  ww* i i and  definition,  properties  and 

special  cases  of  the  H -  function.  P'or  de termini ng  whether  convcr- 
j  gence  of  a  general  Mellin-  Barnes  integral  or  an  H-  function  occurs 

with  left-half-plane  versus  right-half-plane  summation  of  residues, 
evaluation  guidelines  are  formally  established  and  applied  to  the 
known  special  cases,  the  Laplace  transform,  and  the  derivatives  of 
the  H-  function.  Then,  a  r. 'W,  improved  formulation  for  evaluation  of 
an  H-  function  by  summing  residues  is  derived. 

* 

The  definition,  special  cases,  and  transformation  theorem;;  for 
the  H-  function  distribution  are  presented.  A  new  formula  for  find¬ 
ing  the  constant  of  an  H -  function  distribution  is  derived.  Also, 
the  cumulative  distribution  function  of  an  H-  function  distribution 
is  shown  to  be  a  convergent  H-  function,  and  a  more  'fficient  way  to 
compute  it  is  found. 


I 


81-47D 


AFIT  RESEARCH  ASSESSMENT 

The  purpose  of  this  questionnaire  is  to  ascertain  the  value  and/or  contribution  of  research 
accomplished  by  students  or  faculty  of  the  Air  Force  Institute  of  Technology  (ATC).  It  would  be 
greatly  appreciated  if  you  would  complete  the  following  questionnaire  and  return  it  to: 

AF IT/NR 

Wright-Patterson  AFB  OH  45433 

research  TITLE:  The  H-Function  and  Probability  Functions  of  Certain  Algebraic  Combination 
of  Independent  Random  Variables  with  H-Function  Probability  Distributions 

AUTH0R:  _ Major  Ivy  D.  Cook,  Jr.  _ _ _ _ _ _ _ 

RESEARCH  ASSESSMENT  QUESTIONS: 

1.  Did  this  research  contribute  to  a  current  Air  Force  project? 

(  )  a.  YES  (  )  b.  NO 

2.  Do  you  believe  this  research  topic  is  significant  enough  that  it  would  have  been  researched 
(or  contracted)  by  your  organization  or  another  agency  if  AFIT  had  not? 

(  )  a.  YES  (  )  b.  NO 

3.  The  benefits  of  AFIT  research  can  often  be  expressed  by  the  equivalent  value  that  your 
agency  achieved/received  by  virtue  of  AFIT  performing  the  research.  Can  you  estimate  what  this 
research  would  have  cost  if  it  had  been  accomplished  under  contract  or  if  it  had  been  done  in-house 
in  terms  of  manpower  and/or  dollars? 

(  )  a.  MAN-YEARS _  (  )  b.  $ _ 

4.  Often  it  is  not  possible  to  attach  equivalent  dollar  values  to  research,  although  the 
results  of  the  research  may,  in  fact,  be  important.  Whether  or  not  you  were  able  to  establish  an 
equivalent  value  for  this  research  (3.  above),  what  is  your  estimate  of  its  significance? 

(  )  a.  HIGHLY  (  )  b.  SIGNIFICANT  (  )  c.  SLIGHTLY  (  )  d.  OF  NO 

SIGNIFICANT  SIGNIFICANT  SIGNIFICANCE 

5.  AFIT  welcomes  any  further  comments  you  may  have  on  the  above  questions,  or  any  additional 
details  concerning  the  current  application,  future  potential,  or  other  value  of  this  research. 

Please  use  the  bottom  part  of  this  questionnaire  for  your  statement(s). 


NAME  ~  GRADE  POSTTlW 

ORGANIZATION  '  *  LOCATION 

STATEMENT(s): 


0 


FOLD  DOWN  ON  OUTSIDE  -  SEAL  WITH  TAPE 


THE  H-  FUNCTION  AND  PROBABILITY  DENSITY  FUNCTIONS  OF  CERTAIN 
ALGEBRAIC  COMBINATIONS  OF  INDEPENDENT  RANDOM  VARIABLES 
WITH  H-  FUNCTION  PROBABILITY  DISTRIBUTIONS 

by 

IVY  DEWEY  COOK,  JR.,'  B.S.,  M.S. 


DISSERTATION 

Presented  to  the  Faculty  of  the  Graduate  School  of 
The  Uhiversity  of  Texas  at  Austin 
in  Partial  Fulfillment 
of  the  Requirements 
for  the  Degree  of 

DOCTOR  OF  PHILOSOPHY 


THE  UNIVERSITY  OF  TEXAS  AT  AUSTIN 


THE  H-  FUNCTION  AND  PROBABILITY  DENSITY  FUNCTIONS  OF  CERTAIN 
ALGEBRAIC  COMBINATIONS  OF  INDEPENDENT  RANDOM  VARIABLES 
WITH  H-  FUNCTION  PROBABILITY  DISTRIBUTIONS 


/S’ 


Copyright 

by 

Ivy  Demy  Cook,  Jr 


LIFE,  KNOWLEDGE,  OPPORTUNITIES,  AND  CREAKS 


To  God  for  giving  me  each  of  these  to  pursue. 

To  my  parents  for  teaching  me  the  value  of  each 
and  for  guiding  my  early  pursuits. 

To  my  wife  Patricia  for  her  love  and  support 
during  my  continued  pursuits. 

And  to  Barry  Eldred  and  Wes  Barnes 

for  motivating  and  befriending  me 
in  this  most  recent  pursuit. 


ACKNOWLEDGEMENTS 


To  borrow  from  Isaac  Newton,  "If  I  have  seen  a  little  farther 
than  others,  it  is  because  I  have  stood  on  the  shoulders  of  giants." 
The  latest  giants,  in  my  mind,  are  those  who  have  begun  the  work 
relating  H-  functions  to  the  algebra  of  random  variables  and  have 
inspired  and  assisted  others  like  myself  to  continue  work  in  this 
research  area.  I  especially  note  Drs.  Bradley  D.  Carter,  Melvin  D. 
Springer,  A.  M.  Mathai,  and  R.  K.  Saxe’na,  and  extend  deep  personal 
thanks  to  Drs.  J.  Wesley  Barnes  and  Barry  S.  Eldred.  Dr.  Barnes, 
my  supervising  professor,  also  has  considerably  more  of  my  personal 
respect  and  gratitude  for  patiently  and  openly  providing  his  time, 
ideas,  advice,  encouragement,  and  sincere  concern. 

For  their  contributions  as  members  of  my  supervising  committee 
and  as  instructors  in  my  graduate  courses,  I  express  my  appreciation 
to  Drs.  J.  Wesley  Barnes,  Leon  S.  Lasdon,  Paul  A.  Jensen,  William  T. 
Guy,  Jr.,  and  Charles  S.  Beightler.  And,  my  journey  has  been  made 
easier  by  the  additional  support  and  friendship  of  the  other  faculty 
members,  the  staff,  and  my  fellow  graduate  students  in  the  Department 
of  Mechanical  Engineering.  My  thanks  to  them,  plus  a  special  thanks 
to  the  graduate  advisor.  Dr.  Gary  C.  Vliet,  and  to  the  graduate 
secretary,  Jean  Sanford. 


I.  D.  C. 


i 


I 


V 


ABSTRACT 


THE  H-  FUNCTION  AND  PROBABILITY  DENSITY  FUNCTIONS  OF  CERTAIN 
ALGEBRAIC  COMBINATIONS  OF  INDEPENDENT  RANDOM  VARIABLES 
WITH  H-  FUNCTION  PROBABILITY  DISTRIBUTIONS 

Ivy  Dewey  Cook,  Jr.,  Ph.D. 

The  University  of  Texas  at  Austin,  1981 

Supervising  Professor:  J.  Wesley  Barnes 

A  practical  technique  is  presented  ^or  determining  the  exact 
probability  density  function  and  cumulative  distribution  function  of 
a  sum  of  any  number  of  terms  involving  any  combination  of  products, 
quotients,  and  powers  of  independent  random  variables  with  H-  function 
distributions.  The  H-  function  is  the  most  general  named  function, 
encompassing  as  special  cases  most  of  the  other  special  functions  of 
mathematics  and  many  of  the  classical  statistical  distributions.  Its 
unique  properties  make  it  a  powerful  tool  for  statistical  analysis. 

In  particular,  the  product,  quotient,  and  powers  of  independent 
H-  function  variates  are  also  H-  function  variates,  and  the  Laplace 
and  Fourier  transforms  and  the  derivatives  of  an  H-  function  are 
readily-determined  H-  functions. 

This  dissertation  first  provides  background  material,  including 

vi 


history  on  H-  functions  and  the  algebra  of  random  variables, 
definitions  and  properties  of  integral  transforms,  theorems  on 
transformations  of  random  variables,  and  definition,  properties  and 
special  cases  of  the  H-  function.  For  determining  whether  conver¬ 
gence  of  a  general  Mellin-  Barnes  integral  or  an  H-  function  occurs 
with  left-half-plane  versus  right-half-plane  summation  of  residues, 
evaluation  guidelines  are  formally  established  and  applied  to  the 
known  special  cases,  the  Laplace  transform,  and  the  derivatives  of 
the  H-  ^unction.  Then,  a  new,  improved  formulation  for  evaluation  of 
an  H-  function  by  summing  residues  is  derived.  This  formulation  is 
combined  with  a  Laplace  transform  numerical  inversion  method  to  give 
a  second  new  formulation. 

The  definition,  special  cases,  and  transformation  theorems  for 
the  H-  function  distribution  are  presented.  A  new  formula  for  find¬ 
ing  the  constant  of  an  H-  function  distribution  is  derived.  Also, 
the  cumulative  distribution  function  of  an  H-  function  distribution 
is  shown  to  be  a  convergent  H-  function,  and  a  more  efficient  way  to 
compute  it  is  found.  Demonstration  of  the  practical  technique  for 
handling  sums  is  accompanied  by  an  implementing  computer  program. 

Some  examples  of  areas  of  application  are  discussed. 

Throughout  this  dissertation,  a  number  of  new  H-  function 
formulas  are  found,  including  relations  between  given  H-  functions 
and  other  named  functions  or  lower  order  H-  functions,  special-case 
derivative  rules,  and  improved  transform  and  derivative  formulas. 
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CHAPTER  1 


I  PRODUCTION  AND  REVIEW 


1.1.  PURPOSE  AND  SCOPE 

Suppose  one  wishes  to  determine  the  exact  probability  density 
function  of  the  sum  of  N  Independent  random  variables, 
with  known  probability  density  functions  f^fx^),  i*l,...,N,  respec¬ 
tively,  such  that  f^(x^)x0  for  x^£0,  i  *  1,  ...,N.  That  the  desired 
answer  is  the  inverse  Laplace  transform  of  the  product  of  the  N 
Laplace  transforms  of  the  f^  is  well-established.  This  transform 
technique  has  been  used  for  many  special  cases  of  f^,  particularly 
when  the  fA  are  identical.  To  date,  due  to  the  integrations  needed 
to  find  both  the  Laplace  transforms  and  the  inverse  Laplace  transform, 
each  special  case  has  been  handled  individually. 

NOw,  suppose  one  has  a  general  function  which  has  as  special 
cases  all  of  the  probability  density  functions  fA  in  some  group  of 
interest.  If  the  transform  technique  is  applied  to  the  problem  with 
f^  each  taking  the  form  of  the  general  function,  then  the  resulting 
solution  covers  all  those  problems  involving  any  combination  of  the 
special  cases.  This  is  the  motivation  for  using  a  general  function. 

Further,  suppose  an  added  bonus.  Suppose  that  the  product 
M  P< 

"IT  Y 4  ,  where  each  random  variable  Y<  has  a  probability  density 

J-l 

function  expressible  in  the  general  function  form  and  each  Pj  is  a 
positive  or  negative  rational  constant,  j*l,...,M,  is  known  to  be  a 


random  variable  with  a  probability  density  function  that  is  easily 


and  immediately  expressible  in  the  general  function  fora.  Then, 
the  pro blew  of  finding  the  probability  density  function  of 


£ 


Mi 

en-Xij 

j-i  3 


» 


where  the  independent  random  variables  Xjj  all  have  general  function 
forms  for  their  probability  density  functions  and  P^j  are  rational 
constants,  reduces  to  finding  the  probability  density  function  of 


t 


where  the  Independent  random  variables  Yi  all  have  general  function 
forms  for  their  probability  density  functions,  a  problem  already 
covered  by  the  general  function  transform  solution. 

The  primary  purpose  of  this  dissertation  is  to  develop  a  general 
technique,  presented  in  Chapter  4,  for  determining  the  probability 
density  function  and  the  cumulative  distribution  function  of  the 
random  variable 


JL  Pi 

c  (  it 

i=i  j*i  j 


where  the  Xij  are  independent  random  variables  with  probability 
density  functions  expressible  as  H-  functions  and  the  P^j  are  rational 
constants.  The  general  function  known  as  the  H-  function  is  chosen 


for  several  reasons.  First,  the  H -  function  is  the  most  general  of 


the  special  functions  and  includes  nearly  every  named  function  as  a 
special  case.  Second,  the  H-  function  distribution,  presented  in 


3 


Chapter  4,  has  the  added  bonus  that  the  products,  quotients  and 
rational  powers  of  independent  H -  function  variates  are  also 

*  H-  function  variates  and  are  easily  characterized*  Third,  the 
Laplace  transform  of  an  H-  function  is  a  related,  known  H-  function, 

,  which  means  an  integration  is  not  needed  for  finding  Laplace  trans¬ 

forms  for  H  -  functions . 

In  the  course  of  developing  the  above  general  technique,  some 
secondary  purposes  became  evident.  One  is  the  attempt,  in  Chapter  2, 
to  relate  H  -  functions  to  known  elementary  or  special  functions  and 
to  other  simpler  H-  functions.  The  general  form  for  H-  functions  is 
a  contour  integral  containing  gamma  functions  and  is  not  readily 
identified  by  this  form.  The  H-  function  contour  integral  can  be 
evaluated  using  residues  under  certain  convergence  conditions.  The 
aim  of  Chapter  3  is  to  develop  practical  guidelines  for  when  left 
half  plane  residues  versus  right  half  plane  residues  should  be  summed 
in  order  to  evaluate  a  given  H-  function.  These  guidelines  are  then 
applied  to  known  formulas  for  the  H-  function  that  represent  special 
cases,  the  Laplace  transform,  or  the  derivative. 

Chapter  5  presents  an  improved  formulation  for  using  residues  to 
numerically  evaluate  the  H  -  function.  This  numerical  evaluation  is 
needed  both  to  implement  the  general  technique  and  to  just  evaluate 

*  a  single  given  H-  function. 

Determination  of  distributions  of  algebraic  combinations  of 

t  independent  random  variables  has  application  in  virtually  every 

aspect  of  probability  and  statistics.  The  few  applications  given  in 


4 


Chapter  6  are  intended  to  prod  the  imagination  as  to  the  vast  number 
of  potential  areas  of  application  and  not  to  limit  the  extent  of 
possible  usage. 

Some  important  limitations  to  the  scope  of  this  dissertation 
must  be  stated.  For  instance,  only  independent  random  variables  are 
considered,  though  distributions  of  functions  of  dependent  variates 
may  be  expressed  as  H -  functions .  Also,  no  exact  method  has  been 
found  to  deal,  in  general  terms,  with  certain  linear  combinations  of 
independent  random  variables,  particularly  differences  and  also  the 
product,  quotient,  or  powers  of  sums  and  differences.  Although  many 
attempts  were  made,  there  was  no  success;  general  evaluation  of  such 
combinations  will  require  some  theoretical  breakthroughs. 

After  much  effort,  no  closed-form  solution  for  the  general  tech¬ 
nique  has  been  found.  The  accompanying  computer  program,  however,  can 
be  used  to  find  values  of  the  desired  probability  density  function  to 
any  desired  accuracy. 

The  only  alternatives  at  present  to  the  exact  determination  of  a 
probability  density  function  are  various  approximating  methods  based 
upon  either  the  moments  of  a  distribution  or  simulation.  Such  methods 
have  many  disadvantages  and  have  been  addressed  extensively  by  others 
(7,21).  Obviously,  an  exact,  complete  determination  of  a  probability 
density  function  is  preferable  to  any  approximation,  therefore  these 
approximating  methods  will  not  be  treated  here. 

Only  real-valued  variates  and  functions  are  considered.  When 


inverting  the  Laplace  transform,  the  computer  program  can  handle 
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complex  values  of  the  transform  argunent,  but  it  is  not  designed  to 
handle  random  variables  or  probability  density  functions  that  assume 
complex  values.  Also,  the  general  H-  function  definition  permits 
some  parameters  to  be  complex  numbers,  but  the  computer  program  can 
only  handle  real  parameters. 

The  H-  function  is  not  defined  for  a  zero  or  negative  real 
value  of  its  argument.  Therefore,  only  probability  density  functions 
that  are  defined  to  be  zero  for  nonpositive  arguments  are  treated. 
Probability  density  functions  defined  non-zero  for  both  positive  and 
negative  argument  values  can  be  handled  by  dividing  such  functions 
into  two  components,  a  technique  presented  by  Epstein  (8)  for  the 
case  of  two  variables  and  extended  by  Springer  and  Thompson  (320,321) 
to  n  variables.  The  computer  program  can  then  be  used  to  evaluate 
pieces  of  the  component  derivation,  for  H-  function  components. 

Since  the  general  technique  requires  a  Laplace  transform 
inversion  method,  a  review  of  such  methods  was  made,  and  one  was 
chosen  that  seemed  suitable  to  H-  function  evaluation.  However,  the 
numerical  inversion  of  the  Laplace  transform  is  a  considerably  large 
area  to  study  by  itself.  The  scope  of  this  dissertation  is  not  meant 
to  include  a  comparison  of  the  various  methods  or  to  find  the  best 
inversion  method.  Instead,  the  intent  is  to  demonstrate  feasibility 
of  the  general  technique  with  at  least  one  inversion  method. 

When  background  on  the  H-  function  and  the  H-  function  distribu¬ 
tion  is  presented,  the  mathematical  proofs  have  been  omitted.  Full 
understanding  of  the  H-  function  requires  a  high  level  of  mathematical 
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knowledge  and  maturity.  Not  burying  main  ideas  in  non- contributory 
mathematical  details  should  help  bring  out  the  power  and  simplicity 
inherent  in  usage  of  the  H-  function.  Of  course,  the  mathematical 
details  are  presented  for  all  new  material.  New  material  is 
indicated  by  asterisks  throughout  this  work. 

The  algebra  of  random  variables  is  a  vast  field  of  study, 
so  that  a  complete  coverage  is  not  reasonably  within  the  scope  of 
this  dissertation.  However,  combining  the  advantages  of  a  general 
function  and  of  certain  properties  of  the  H -  function  with  a 
practical  technique  for  finding  the  exact  probability  density 
function  of  any  member  of  a  large  class  of  algebraic  combinations 
of  Independent  random  variables  is,  hopefully,  a  meaningful 
contribution  to  this  field  of  study. 
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1.2.  LITERATURE  SURVEY 

The  development  of  probability  and  statistics  has  focused 
primarily  upon  the  analysis  of  probability  distributions  of  random 
variables  and  of  algebraic  combinations  of  random  variables.  Since 
the  1920's,  many  mathematicians  and  statisticians  have  directed  their 
attention  to  the  algebra  of  random  variables,  that  is,  to  the  problem 
of  determining  the  probability  distributions  of  sums,  differences, 
products,  quotients,  and  rational  powers  of  random  variables.  In  a 
recent  book.  Springer  provides  an  excellent  discussion  and  complete 
bibliography  on  this  subject  (21). 

Considerable  attention  has  been  given  to  deriving  the  distribu¬ 
tions  of  sums  and  differences  of  random  variables,  so  that  systematic, 
well-defined  procedures  now  exist.  Many  early  authors,  including 
Aroian  (243),  Baten  (244,245),  Church  (249),  Craig  (250),  Cramer  (212, 
213,251),  Dodd  (252),  Irwin  (258),  Levy  (259),  and  Wintner  (229,267), 
have  presented  detailed  discussions  concerning  sums  and  differences 
of  independent  random  variables.  The  usage  of  Fb urier  and  Laplace 
transforms  as  powerful  tools  for  dealing  with  sums  and  differences  of 
Independent  random  variables  is  well-established,  and  a  large  number 
of  fine  references  are  available,  including  Lukacs  (217-219),  Kawata 
(215),  and  Newcomb  and  Oliveira  (220).  Section  Q  of  the  bibliography 
lists  some  of  the  basic  references  on  integral  transforms  (224-  228). 

Papers  on  particular  cases  of  sums  of  random  variables  are  given 
in  section  I  of  the  bibliography.  Many  of  these  treat  the  distribu¬ 
tion  of  quadratic  forms,  such  as  the  sums  of  squares  of  normally 


distributed  variates  (247,253»255 -  257*263 -  265) • 

The  problem  of  deriving  the  distribution  of  products  and 
quotients  of  random  variables  has  not  received  the  same  extensive 
treatment  as  sums  and  differences  (21:1).  From  1929  to  1942, 
concentrating  on  normal  variates,  Craig  made  some  of  the  early 
investigations  into  the  distribution  of  the  product  and  quotient  of 
two  random  variables  (270  -  272).  Be  used  an  approximation  method 
involving  moments  or  semi-invariants.  In  1930,  Geary  (275)  developed 
an  approximation  for  the  quotient  of  two  normal  variables  that  became 
widely-used.  Other  approximations  were  developed:  Tukey  and  Wilks 
(288)  in  1946  for  the  product  of  beta  variables,  Aroian  (268)  in  1947 
for  the  product  of  two  normal  variables,  and  She Hard  (287)  in  1952 
for  the  product  of  several  random  variables. 

In  1939,  Huntington  (278)  presented  the  proofs  of  four  theorems 
resulting  in  a  mathematical  formulation  for  determining  distributions 
of  the  sum,  difference,  product,  and  quotient  of  two  random  variables. 
Other  early  contributors  to  the  theory  of  products  and  quotients  of 
random  variables,  including  Camp  (269),  Curtiss  (273),  Gurland  (276), 
Haldane  (277),  levy  (281),  Riets  (285),  *nd  Sakamoto  (286),  dealt 
with  specific  probability  density  functions,  usually  normal. 

In  finding  the  distribution  of  a  product  or  quotient  of  two 
random  variables,  the  Fourier  integral  transform,  or  characteristic 
function,  was  useful  for  a  number  of  special  cases,  beginning  with 
stvaiies  by  Kullback  (279,280)  in  the  1930's  and  continuing  through 
the  1960's  with  the  references  listed  in  section  K  of  the  bibliography. 
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A  few  general  results  for  certain  distributions  were  found  using 
characteristic  functions.  For  example,  Kullback  (279)  in  1934 
*  determined  the  distribution  of  the  geometric  mean  for  n  uniform  or 

gamna  variates,  and  Jambunathan  (293)  in  1954  derived  the  distribu- 
,  tion  of  products  of  special  cases  of  beta  and  gamma  independent 

random  variables.  Using  a  logarithmic  transformation,  Schulz-Aren- 
storff  and  More lode  (299)  found  the  probability  density  function  of 
the  product  of  n  uniform  independent  random  variables. 

The  first  practical,  systematic,  general  approach  for  dealing 
with  products  and  quotients  of  independent  random  variables  was 
presented  in  1948  by  Epstein  (8).  RLs  approach  was  the  first  usage 
of  the  Mellin  integral  transform  to  analyse  the  distribution  of  the 
product  or  quotient  of  two  variates.  Epstein  demonstrated  that  the 
Mellin  integral  transform  is  a  natural  and  powerful  tool  for  finding 
the  probability  density  function  of  products  and  quotients  of  indepen¬ 
dent  random  variables,  by  deriving  directly  and  easily  the  probability 
density  functions  of  the  Student  t  and  Fisher  F  statistics  and  of  the 
product  of  two  standardised,  normal  variates,  ftls  work  was  limited 
to  two  random  variables.  Surprisingly,  additional  application  of  the 
Mellin  transform  did  not  arise  until  the  1960's. 

In  1959*  Levy  (282,283)  derived  some  results  for  products  of  two 
<  independent  random  variables  and  posed  the  question  of  constructing  a 

general  theory  for  multiplication  of  random  variables.  Zolotarev 
(289)  began  this  construction  in  1962,  focusing  on  a  sequence  of 
theorems,  without  proofs,  that  showed  the  similarities  and  differences 
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between  the  results  for  addition  of  independent  random  variables  and 
the  results  for  multiplication.  Then,  in  1964,  Springer  and  Thompson 
(320,321)  presented  a  general  method  for  determining  the  probability 
density  function  of  the  product  of  n  independent  random  variables 
that  are  not  necessarily  non-negative  nor  identically  distributed. 
They  applied  the  Mellin  transform  to  analyses  of  products,  quotients, 
and  geometric  means  of  rectangular,  monomial,  Cauchy,  Gaussian,  and 
gamma  variates.  Mellin  transforms  trere  then  employed  by  Lomnicki 
(310)  in  1967  to  products  of  beta,  gamma,  Weibull,  and  normal  vari¬ 
ates. 

A  number  of  authors  in  the  1960's,  as  shown  in  section  L  of  the 
bibliography,  used  the  Mellin  transform  to  treat  the  product  and 
quotient  of  independent  random  variables.  Most  of  the  work  was  for 
two  variables:  Wells,  Anderson  and  Cell  (323)  for  central  and  for 
non-central  chi-square  variates,  Srodka  (322)  for  generalised  gamma, 
Maxwell,  and  Weibull  variates,  Kots  and  Srinivasan  (309)  for  Bessel 
variates,  Malik  (311-  31*0  for  generalized  gamma,  non-central  beta, 
and  Pareto  variates,  and  Pruett  (317)  for  some  nonstandardlzed 
variates,  including  the  nonstandardlzed  normal. 

A  significant  contribution  to  analyzing  algebraic  combinations 
of  independent  random  variables  was  made  in  1970  by  Prasad  (223). 

He  provided  formulas  for  finding  the  Mellin  transform  of  a  function 
directly  from  its  Laplace  or  Fourier  transform,  and  vice  versa, 
without  having  to  determine  the  function  itself.  For  example,  if  one 
wants  to  find  the  probability  density  function  h(y)  for  the  random 
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variable  Y  given  by 


X.  ♦  X, 

Y  *  Xi  +  _2_2  , 

*4 

where  the  independent  random  variables  Xj  have  known  probability 
density  functions  ^(x^),  i*  1,2, 3,4.  The  analysis  is  considerably 
simplified  if  one  can  convert  the  Laplace  (or  Fourier)  transform  of 
the  density  function  g^(u)  for  0  =  X2  +  X^  into  a  Mellin  transform, 
and  then  convert  the  Mellin  transform  of  the  density  function  g2(v) 
for  V 3  U/x^  into  a  Laplace  (or  Fourier)  transform.  Prasad’s  formulas 
can  be  used  for  these  conversions,  so  that  the  probability  density 
function  h(y)  can  be  determined  directly  without  first  determining 
the  probability  density  functions  g^(u)  and  g2(v)  (21:4-5)* 

Another  important  development  in  the  analysis  of  the  algebra  of 
random  variables  has  been  the  use  of  the  G-  and  H-  functions.  These 
functions  are  general  forms  of  many  of  the  common  and  special  func¬ 
tions  of  mathematics,  including  most  of  the  common  probability  density 
functions.  As  early  as  1958,  Kabe  (333)  expressed  some  multivariate 
test  statistics*  density  functions  as  G-  functions,  after  recognizing 
that  the  moments  of  these  statistics  could  be  expressed  as  products 
of  gamma  functions.  Similarly,  Consul  (328)  in  1967  expressed  the 
distributions  of  likelihood  ratio  criteria  for  testing  independence 
as  G-  functions.  In  the  early  1970's,  Mathai  (16,335"  344)  indicated 
many  statistical  applications  for  the  G-  function,  including  finding 
the  distributions  of  various  multivariate  test  statistics,  the  distri¬ 
bution  of  the  product  of  independent  beta  variates,  and  examples 
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to  counter  some  proposed  characterizations  of  probability  laws. 

Using  Mellin  transforms,  a  few  authors  expressed  the  probability 
density  functions  of  products  and  quotients  of  selected  Independent 
random  variables  in  terms  of  G-or  H- functions.  Dwivedi  (303,304) 
in  1966  and  1970  introduced  a  confluent  hypergeometrlc  density  func¬ 
tion  and  demonstrated  that  the  distribution  of  a  product  or  quotient 
of  variates  each  with  such  a  density  function  was  expressible  as  an 
H-  function.  Also,  in  1970,  Springer  and  Thompson  (352)  expressed 
the  distributions  of  the  products  of  beta,  gamma,  and  Gaussian  vari¬ 
ates  as  G-  functions.  And,  in  1974,  Shah  and  Rathie  (319)  showed 
that  distributions  for  products  of  generalized  F-  variates  could  be 
expressed  as  G  -  and  H  -  functions . 

Gupta  and  Jain  (12)  in  1966  proved  that  the  Mellin  convolution 
of  two  H  -  functions  is  another  H  -  function.  This  led  to  the  most 
significant  advances  in  the  usage  of  H-  functions  in  statistical 
analysis,  by  Bradley  D.  Carter  in  1972  (4,5).  He  tied  together  the 
physical  science  work  on  H-  functions  and  the  probability  work  on 
Mellin  transforms  into  a  meaningful  general  theory. 

Carter  introduced  a  new  probability  distribution,  the  H-  function 
distribution,  which  is  simply  an  H-  function  multiplied  by  a  constant 
that  makes  the  integral  over  the  relevant  range  equal  to  unity.  He 
showed  that  the  H-  function  distribution  includes,  as  special  cases, 
ten  common  classical  distributions  -  gamma,  exponential,  chi-square, 
Weibull,  Rayleigh,  Maxwell,  half-normal,  beta,  half-Cauchy,  and 
general  hypergeometrlc.  Most  important.  Carter  proved  that  the 
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probability  density  functions  of  products,  quotients,  and  rational 
powers  of  independent  H-  function  variates  are  also  H-  functions. 

This  closure  property  does  not  hold  for  the  classical  distributions 
and  thus  makes  the  H-  function  a  powerful  general  form. 

In  1979,  Eldred  (7)  implemented  Carter's  results  by  developing 
an  operational  computer  program  to  calculate  H-  function  values  to 
any  desired  accuracy  and  to  calculate  values  for  the  probability 
density  function  of  combinations  of  products,  quotients,  and  powers 
of  H-  function  variates.  He  also  expressed  the  half-Student  and  F 
distributions  as  H-  function  distributions.  Springer  (21)  has 
reproduced  the  results  of  Carter  and  Eldred. 

Additional  background  is  in  order  with  respect  to  the  H-  function 
history.  The  H-  function  is  a  Me Hi n- Barnes  integral  first  introduced 
in  1961  by  Charles  Pox  (10)  as  a  synaetric  Fourier  kernel  to  the 
Meijer  G  -  function,  which  is  also  a  Mellin- Barnes  integral  and  a 
special  case  of  the  H-  function.  Mellin- Barnes  integrals  have  been 
used  extensively  in  physics  and  engineering  and  are  considered  the 
most  important  of  all  integrals  containing  gamma  functions  in  their 
Integrands  (9:49) •  Such  contour  Integrals,  introduced  in  1888  by 
Plncherle  (9:49),  have  long  been  used  in  solving  differential  equa¬ 
tions,  starting  with  Barnes  (2)  in  1908  for  complete  integration  of 
the  hypergeometrie  differential  equation  and  Mellin  (19)  in  1910. 

In  the  1940's,  Meijer  (360)  introduced  the  G-  function,  in  terms  of 
which  all  significant  particular  solutions  of  a  hypergeometrie 
differential  equation  can  be  expressed. 
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Much  work  has  been  done  on  the  G-  function,  notably  by  Luke  (14) 
and  by  Mathai  and  Saxena  ( 16),  who  provide  an  extensive  bibliography. 
Nearly  every  special  function  of  applied  mathematics  is  a  special 
case  of  the  G-  function  and  of  the  H-  function.  The  bibliography 
for  this  dissertation  (1,9, section  N)  lists  the  basic  references  for 
special  functions.  Mathai  and  Saxena  (18:10-11,151-159)  provide 
H-  function  formulas  for  the  following  special  functions:  Gauss' 
hyper geometric  function,  the  confluent  hype  rge  ante  trie  function,  the 
generalized  hyper geometric  function,  the  generalized  hypergeometric 
functions  of  Wright  and  Maitland,  MaeRobert's  E-  function,  Meijer's 
G-  function,  the  functions  of  Mittag-Leffler  and  Boersma  (357),  the 
Bessel  and  associated  functions,  and  Wright's  generalized  Bessel 
function.  Of  course,  all  special  cases  of  the  above  functions  are 
also  special  cases  of  the  H-  function,  including  the  elementary  power, 
exponential,  trigonometric,  inverse  trigonometric,  and  logarithmic 
functions . 

In  the  same  way  that  the  work  of  Meijer  (360-  362)  formed  the 
basis  for  much  of  the  later  work  on  the  G-  function,  Braaksma  (3) 
presented  properties,  identities,  asymptotic  expansions  and  analytic 
continuations  which  became  the  foundation  for  H-  function  work.  The 
decade  following  Braaksma' s  1964  paper  brought  great  numbers  of  works 
on  differentiation,  integration,  identities,  recurrence  relations, 
expansions  and  series  involving  H-  functions.  For  the  H-  function  of 
one  variable,  these  works  are  listed  in  bibliography  sections  A  to  p. 
The  most  prolific  contributors  were  Anandani,  Bajpai,  K.  C.  Gupta, 
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Kalla,  V.  C.  Nair,  R.  K.  Saxana,  Shah,  and  Taxak.  Some  of  the  more 
signif leant  contributions  were  the  Laplace  transform  of  an  H-  function 
by  K.  C.  Gupta  (11),  identities  and  recurrence  relations  by  K.  C. 

Gupta  (11)  and  Anandani  (y*  -  37),  and  derivative  formulas  (section  B, 
35),  especially  those  by  A.  N.  Goyal  and  G.  K.  Goyal  (25)  and  by 
K.  C.  Gupta  and  0.  C.  Jain  (26).  Most  of  the  H-  function  work  of 
recent  years  has  been  for  H  -  functions  of  more  than  one  variable  and 
for  the  H-  function  transform.  The  bibliography  does  not  list  these, 
but  many  are  given  by  Mathai  and  Saxena  (18). 

The  majority  of  H-  function  work  has  been  highly  theoretical, 
unwieldy,  and  usually  directed  to  special  cases  instead  of  development 
of  general  theory.  Almost  no  applications  are  given  in  the  literature 
and  the  few  given  are  for  physics  and  engineering,  particularly  for 
heat  production  in  a  cylinder  and  differential  equation  solution. 

Most  of  the  articles  are  by  authors  from  India  and  are  published  in 
foreign  or  little  known  journals,  often  not  easily  accessible  to  the 
U.  S.  researcher.  Comparison  of  the  Mathai  and  Saxena  bibliographies 
(16,18)  shows  that  much  of  the  H-  function  work  simply  extends  earlier 
G  -  function  results  to  the  H  -  function  by  directly  paralleling  the 
earlier  developments.  Often  articles  will  duplicate  or  involve  only 
minor  changes  to  previous  articles  by  the  same  or  another  author. 

Die  to  the  lack  of  general  theory  development  and  Instead  the  treat¬ 
ment  of  many  special  cases,  there  is  continual  repetition  of  the  same 
techniques.  Most  formulas  have  been  derived  by  switching  the  order  of 
the  H-  function  contour  integral  and  another  operation,  such  as  a 
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differentiation,  a  summation,  or  another  integration.  Recurrence 
relations  are  often  found  by  equating  different  derivative  formulas. 

One  must  be  cautious  when  dealing  with  H  -  function  literature 
because  of  the  frequent  errors.  While  some  errors  are  probably  just 
misprints,  many  are  due  to  the  failure  to  verify  the  existence  or 
convergence  conditions  that  enable  evaluation  of  an  H  -  function  or 
permit  switching  of  the  order  of  operations.  For  example,  a  check 
against  H-  function  convergence  conditions  easily  shows  that  six  of 
the  H-  function  special  case  formulas  tabulated  by  Mathai  and  Saxena 
(18:146,154,156)  diverge  for  all  values  of  the  arguments. 

Other  errors  result  from  the  failure  to  check  theoretical 
results  by  presenting  at  least  one  special  case  with  known  results. 

For  example,  in  one  of  the  few  H-  function  papers  concerning  the 
algebra  of  random  variables,  Mathai  and  Saxena  (17)  conwitted  the 
following  error.  Their  equation  (16)  has  a  term  based  upon  Braaksma's 
series  expansion  for  the  H-  function,  which  has  the  form 


fl!  ( i  h  k) 

>  (  f(i,h,k)  •  (a  +  t)B  ’  *  )  ,  where,  in  their  notation, 

k=0 

V^=k  and  g  and  f  are  functions  of  the  integer  k  and  the  i-th  and  h-th 
parameters  of  the  H-  function.  They  wrongly  factor  the  second  term 
out  of  the  summation,  so  that  their  derivation  for  the  density  func¬ 
tion  of  a  linear  combination  of  n  variates,  each  with  a  density  func¬ 
tion  of  a  form  involving  an  H-  function,  has  a  term 


C  f(l,h,k) 
k*0 


i 


which  is  meaningless  with 


■  *jr 


v 
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the  part  depending  on  k  that  is  outside  the  sumatlon.  Any  attempt 
to  use  the  derivation  on  even  the  simplest  example  would  have  shown 
*  this  error  to  the  authors. 

Once  Carter  showed  that  the  distribution  of  the  products, 

I  quotients,  and  rational  powers  of  H-  function  variates  could  be 

easily  expressed  as  another  H-  function  distribution,  then  practical 
application  of  H-  function  required  only  the  ability  to  evaluate  the 
H-  function  inversion  integral.  For  an  H-  function  where  no  denomi¬ 
nator  singularity  in  the  integrand  coincides  with  any  pole,  Mathai 
and  Saxena  (16:177-  185;  18:70  -  75)  in  1973  and  1978  presented  a 
somewhat  complicated  computable  representation.  In  1977,  Lovett  (13) 
attempted  a  numerical  evaluation  of  the  general  H-  function  inversion 
integral,  but  fell  far  short  of  success.  In  1979,  Barry  S.  Eld red 
(7)  performed  the  first  successful  H-  function  evaluation  by  develop¬ 
ing  a  simpler  model  and  a  computer  program  to  calculate  to  any  desired 
accuracy  the  values  for  a  general  H-  function  inversion  integral. 

When  numerical  inversion  of  a  Laplace  transform  involving  a 
product  of  H-  functions  is  desired,  two  methods  seem  well-suited: 
one  by  Crump  (231)  which  is  an  improvement  of  that  by  Dubner  and  Abate 
(232)  and  another  by  Jagerman  (234)  based  on  the  well-known  Widder 
inversion  formula.  Piessens  (237,238)  provides  a  bibliography  on  this 
'  subject  and  other  good  references  are  listed  in  section  H  of  the 

bibliography  of  this  dissertation;  however,  the  appropriateness  of 
these  other  techniques  with  H-  functions  has  not  been  investigated. 


I 


1.3.1.  Definitions  (7:68-  72;  21:27-31). 

Laplace  Trans fora:  A  real  function  f  (x),  defined  and  single-valued 
almost  everywhere  for  x  iO,  with  x  a  real  variable,  is  said  to  be 
Laplace  transformable  if  the  integral 


r  If  Ml  a* 


converges  for  some  real  value  k.  Then, 

L_-C  f(x)>  *  f  e_rx  f(x)  dx 
*  0 


(1.1) 


is  the  Laplace  transform  of  f(x),  where  r  is  a  complex  variable. 

The  Inverse  Laplace  transform  or  inversion  Integral  is  given  by 

f(x)  -  (1/2TT1) •**  Lr<f(*»  dr.  (1.2) 

Equations  (1.1)  and  (1.2)  constitute  a  transform  pair.  The  function 
f(x)  is  determined  uniquely  by  (1.2)  if  Lj,-(f(x))-  is  analytic  in  a 
strip  consisting  of  that  portion  of  the  plane  to  the  right  of  and 
including  the  Bromwich  path  (c-  ioo,c + ioo).  This  strip  may  or  may 
not  include  the  entire  right  half  plane. 


Fourier  Transform:  A  real  function  f(x),  defined  and  single-valued 
almost  everywhere  for  -oo<  x<oo,  with  x  a  real  variable,  is  said  to 
be  Fourier  transformable  if  the  integral 


00 

J  ( f (x) (  elkx  dx 


converges  for  some  real  value  k.  Then, 
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Ft-Cf(x)>  =  f  eitx  f(x)  dx 
J  -oo 


(1.3) 


f(x)  =  e‘itx  Ft<f(x)}dt. 


(1.4) 


is  the  Fourier  transform  of  f(x)  and  is  called  the  characteristic 
function  of  f(x),  while  e*^*  is  called  the  kernel.  The  Inverse 
Fourier  transform  or  inversion  integral  is  given  by 

.oo 
-oo 

Many  authors,  including  Eld red  (7),  Springer  (21),  and  Tranter  (22?), 
use  the  transform  pair  defined  above  by  equations  (1.3)  and  (1.4). 
However,  others,  including  Erdelyi  (9),  Titchmarsh  (226),  and 
Whittaker  and  Watson  (368),  use  the  transform  pair  with  kernel  e“itx: 

.oo 
-oo 
.oo 


/oo 

e"itx  f (x)  dx 

-oo 


f (x)  *  (1/2 n)J  eitx  Ft<f(x)}dt. 


Which  transform  pair  is  used  is  not  important  as  long  as  consistency 
is  maintained.  Changing  from  one  pair  to  the  other  moves  the  poles 
of  the  transform  from  a  strip  in  the  right  half  plane  to  a  strip  in 
the  left  half  plane,  or  vice  versa. 


Mellin  Transform;  A  real  function  f(x),  defined  and  single-valued 
almost  everywhere  for  x£0,  with  x  a  real  variable,  is  said  to  be 
Mellin  transformable  if  the  integral 

f°°  |  f (x)  |  x*"1  dx 
J  0 

converges  for  some  real  value  k.  Then, 


I 
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Ms{f(x)>  *  f  xs_1  f(x)  dx 

*  A 


(1.5) 


is  the  Me 111 n  transform  of  f (x),  where  s  is  a  complex  number.  The 
Mellin  transform  inversion  integral,  or  inverse  Mellin  transform. 


is  given  by 


.c  +  ioo 


f(x)  *  (l/21Ti) J  x_s  Ms-Cf(x»ds.  (1.6) 


"  c  -  ioo 

1.3.2.  Properties  (7:76-  78;  21:34-  36). 

1. 3.2.1.  Linearity: 

Lr'Ce1f1(x)  +  e2f2(*)}  ~  eilv‘Cfi(x)3>  +  e2Lr<f2(x)> 
Ft^clfl(x)  +  c2f2(x>}  *  ClFt<fl^x»  +  c2FfCf2(x)^ 

Ms  <«l*i<x)  *  c2f2^x^  *  ciMs‘tfl<x»  +  c2Ms<f2<x» 

1. 3.2.2.  First  translation  or  shifting: 

Lr<eax  f(x)}  =  I*.aCf(x» 

Ft<eMX  f(x)>  *  Ft_a{f(x)} 

Ms{x"a  f(x)>  =  Ms_a<f(x)> 

1.3.2. 3*  Second  translation  or  shifting: 

Lj.'C  f(x-a)  y  *  e"ar  Lr<f(x)>,  x  >a 
Ft<f(x-a)>  =  9~iMt  Ft{f(x)> 

1. 3*2.4.  Scaling  with  a>0: 

I^-CfCax)}  *  a-1  I*/a<f(x» 

Ft'C^4*)}  =  a_1  Ft/a^f^x^ 

Ms-Cf(ax)J  *  a-8  Mg{f(x)} 


I 
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1.3*2. 5*  Multiplication  by  xn: 

Lp<xn  f(x)>  =  (-l)n 
Ft{xn  f(x)>  *  (-i)n  Ft(n)<f(x)> 
f(x)>  =  Ms  +  n<f(x)> 

1. 3.2.6.  Division  by  x,  provided  lim  (f(x)/x)  exists: 

x-+-  0 

L,.-Cf(x)/x>  *  f  Lp-CW}^ 

*  r 

00 

Ft-{f(x)/x}'  *  y*  Ft<Cf(x)}dt 

Ms-Cf(x)/x}'  *  Ms_  t *( i*(x) )* 

1.3*2. 7.  Transform  of  an  integral: 

Lp f(u)  du}  *  L,.-(f(x)3-/r 
0 

h<r  f(u)  du>  *  Ft{f(x)>/(it) 

1.3. 2.8.  Argument  to  a  po>»r: 

Ma{f(x*)>  =  a"1  Ms/a{f(x)> 

I.3.3.  Relations  between  transforms. 

To  obtain  the  Laplace  or  Fourier  transform  of  a  function 
directly  from  its  Mellin  transform,  and  vice  versa,  one  can  use  the 
following  relations,  derived  by  Prasad  (22 3)  and  presented  formally 
by  Lew  (216)  and  Springer  (21:412-417). 


.are:w  .  .ay  : 
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If  the  Laplace  transform  of  f(x),  x  £0,  is  analytic  and  of 
order  0(r~k),  k  >1,  for  all  r  such  that  Re(r)>b,  b<0,  then  the 
Mellin  transform  of  f(x)  is  given  by 


Ms  {f(x)> 


*M1.s<Lp{f(x)>>/  ru-s) 


(r(s)/2TTi) 


,e  +  ioo 
c  -  ioo 


L^fWX-rf8 


dr. 


Re(s)>0,  b <c <0. 

If  the  Fourier  transform  of  f(x)  is  analytic  and  of  order 
0((it)"k),  k>l  and  Im(t)jt0,  then  the  Mellin  transform  of  f(x)  is 
given  by 


'<,w>  ■  (P(s)/2,r)/l^{fW}(ltr!L(t)>o 


+  (-1)S“  1  Ft-Cf(x)>(-it)"s  I  ]dt. 

t  lla(t)<0J 

If  (1)  the  Mellin  transform  of  f(x)  is  absolutely  convergent  on 
a<Re(s)<b,  a<l  (216:562),  or  (2)  f(x)  is  of  bounded  variation  and 
measurable  on  (0,1)  and  on  (l,oo)  and,  for  a<b, 

J  |xa“^  f(x)|2  dx<oo  and  J*  |xb“  ^  f(x)|2  dx<eo 

(21:175),  then, 

,c  -f  ioo  1 

LP^f(x)}  *  (l/2TTi)  J  Ms<f(x)>  T(l- s)  r  ds, 

J  c  -  ioo 

a<c<min(l,b),  and 

«c  +  ioo  ,  _  i 

Ft{f(x»  =  (1/27T1) y  Ms-Cf(x)>r(l- s)  (it)  ds. 


X- 


JL. 


Primary  emphasis  In  this  work  is  on  the  use  of  integral  trans¬ 
forms  to  obtain  probability  density  functions  and  cumulative  distri¬ 


bution  functions  for  certain  transformations  of  independent  random 
variables,  that  is,  for  algebraic  combinations.  First,  a  review  of 
related  basic  probability  concepts  should  be  made. 

A  one-to-one  transformation  h(x)  from  a  set  S  into  a  set  T 
means  that  for  each  y,  element  of  T,  there  exists  one  and  only  one 
x,  element  of  S,  such  that  h(x) *y.  When  a  function  h(x)  is  a 
one-to-one  transformation  from  S  into  T,  then  the  inverse  trans¬ 
formation  h-1(y),  from  T  onto  S,  exists  and  h-1(h(x))*x.  The  set 
of  positivity  for  a  transformation  h(x)  is  the  set  of  values  x  for 
which  h(x)  is  positive. 

Two  random  variables  X  and  T  are  independent  if  and  only  if 
their  joint  probability  density  function  f^  y(x,y)  equals  the  product 
of  the  individual  densities  f^(x)  and  fy(y),  associated  with  X  and  Y, 
respectively.  That  is, 

fx,Y(x»y)  =  fxW  *  »  for  411  (*»y)» 

This  means  that  any  variation  in  the  outcome  of  X  will  in  no  way 
affect  the  outcome  of  Y,  and  vice  versa.  Or,  knowledge  of  the  value 
taken  by  X  yields  no  information  about  nor  affects  the  probability 
distribution  of  Y,  and  vice  versa. 

THEOREM  l.lt  Let  X  be  a  random  variable  with  continuous  probability 
density  function  fx(x)  and  y  *  h(x)  be  a  one-to-one  transformation 
from  S,  the  set  of  positivity  of  fy(x),  onto  T,  the  image  of  S  under 


V. 


24 


h(x).  If  h  (y)  is  differentiable  and  its  derivative  is  continuous 
on  T,  then  the  probability  density  function  of  Y  is  given  by 

f(h_1(y))  fd(h"1(y))/dy|  ,  y£T 
otherwise. 


fy(y> 


{:■: 


THEOREM  1.2:  Let  X*  (X^, .  ..,Xlc)  be  a  set  of  k  random  variables 
having  the  joint  continuous  probability  density  function  fx(x). 

am# 

Let  Y*  h(X) = (hi(3t),h2(X), ...jh^CX))  be  a  set  of  relations  forming 
a  one-to-one  transformation  from  S,  the  k-dimensional  set  of  positiv¬ 
ity  of  f-,  onto  T,  the  k-dimensional  image  of  S  under  h(X).  The 
£  ~ 

inverse  transformation,  X*  h”1^)  =  (gi(p,g2(Y),  ...,gfc(Y)).  If  the 
partial  derivatives  of  h“1(Y)  exist  and  are  continuous, 

*ij  *  i(Ki(p)/  **j  , 

then  the  joint  probability  density  function  of  Y  is  given  by 

,  otherwise, 

where  J  is  the  Jacobian,  the  determinant  of  first  partial  derivatives, 

|*11  *12  *  *  *  *lk| 

1*21  *22  *  *  *  g2k| 

| *kl  gk2  *  *  *  *kk 

Example;  Suppose  the  probability  density  function  of  Z«X  +  Y  is 
desired.  Let  W=Y,  so  that  X*Z-W  and  Y  =  W  and 


4x/4z 

4  X/  4W 

1  -1 

4 Y/  4Z 

4Y/  4W 

* 

0  1 
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By  Theorem  1.2,  for  the  appropriate  ranges  of  z  and  w, 
fz  wU,v)  »  fx>Y(*-v,v)  |  J  I  . 

If  X  and  Y  are  independent,  then 

fz>w(z.w)  *  fx(«-v)-fT(w)  . 

The  marginal  distribution  of  Z  =  X  +  Y  is  found  by  integrating  the 
above  joint  distribution  fz  w(z,v)  over  the  proper  range  of  wj 

fz(t)  *  /  fx(z-y)*fY(y)  dy  . 

”  -oo 

Using  Theorem  1.2  similarly  to  find  the  distributions  for  the 
difference,  product,  and  quotient  of  two  independent  random  variables 
gives  the  following  theorem  (2?8). 

THEOREM  1.1;  If  X  and  Y  are  continuous  independent  random  variables 
with  probability  density  functions  fx(x)  and  fy(y)»  respectively,  then 

(1)  the  probability  density  function  of  the  random  variable 
Z  *  X  +  Y  is  given  by 

-oo  oo 

fz(*)  *  J  fx(*-y)-fY(y)dy  fx(x)-fy(z^x)dx, 

(2)  the  probability  density  function  of  the  random  variable 
Z  =  X-  Y  is  given  by 

roc  oo 

fz(z)  *  J  fx(e  +  y),fY(y)dy  *  J  fx(x)*fY(z  +  x)dx, 

(3)  the  probability  density  function  of  the  random  variable 
W *  X*Y  is  given  by 

fw(v)  *  f  |x_1lfx(x)‘fY($)dx  *  f  I y" 1 1  f x(^) fy(y )dy» 

*  -oo  "  -oo  J 


26 


(4)  and  the  probability  density  function  of  the  random 
variable  W »  X/l  is  given  by 

.00  _oo 

fw(*)  |x|fx(x)*fT(wx)dx  |y|fx(wy)*fT(y)dy. 

Theorems  1.2  arid  1*3  have  been  applied  to  many  distribution 
problems.  However,  each  case  must  be  treated  separately  and  special 
care  must  be  taken  to  determine  the  proper  integration  limits  and 
ranges  for  the  variables.  Integral  transforms  can  help  simplify 
the  process.  Consider  the  following  formulas: 

Ft<f(x)>«  ^{gCy)}  *  ?t(.f  f(x)  d* y 

1*  {*•(*)>•  LrO(y>>  *  1r’Cf~  f(x) 

Ms{f(x)>  •  Ms’(g(y)>  *  Ks"CfQ  X’1  f<x>  K(y/X>  d31}  • 

Combining  these  formulas  with  Theorem  1.3  gives  Theorems  1.4  to 
1.8  below.  The  following  integral  transform  theorems  are  straight¬ 
forward,  powerful  tools  for  determining  probability  density  functions 
of  sums,  differences,  products,  quotients,  and  powers  of  Independent 
random  variables.  A  distinct  advantage  to  transform  use  is  the 
convenient  extension  of  Theorem  1.3  to  more  than  two  variables. 
However,  even  though  integral  transforms  have  assisted  considerably 
in  analysing  probability  density  functions  and  have  been  used  a 
great  deal,  each  case  must  still  be  handled  separately  because  of 
the  requirement  of  finding  the  transforms. 


,  turn 
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THEOREM  1.4:  Distribution  of  Linear  Combination.  If  .*.,Xg 

are  continuous  independent  random  variables  with  probability  density 
functions  f^, . •  •»%»  respectively,  then  the  probability  density 
function  of  the  random  variable 

Y  *  2L_  *i^i  *  *1^0* 
i=l 

is  given  by 

fjM  ’  V‘<TT  , 

where  F  is  the  inverse  Fourier  transform  operation. 

«7 

THEOREM  l.^i  Given  the  same  conditions  as  in  Theorem  1.4  and 
P-Cx1<0>*  0  for  i«l,...,N,  then  the  probability  density  function 
of  T  is  given  by 

where  *  is  the  inverse  Laplace  transform  operation. 

THEOREM  1.6;  Distribution  of  a  Difference.  If  and  X2  «*e 
continuous  independent  random  variables  with  probability  density 
functions  f^(x1)  and  fg^),  respectively,  then  the  probability 
density  function  of  the  random  variable  T  *  Xj  -  Xg  is  given  by 

fy(y)  =*  Fy"1<Ft<fl(xl)>*  Ft<Cf2(“x2»}  • 

where  Fy~*  is  the  inverse  Fourier  transform  operation. 


V 


•  •*  1  </. . 
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THEOREM  1.7;  Distribution  of  Product.  If  X^,...,Xjf  are  continuous 
independent  random  variables  with  probability  density  functions 
f^,...,fjj,  respectively,  where  P{Xi<0}»  0  for  i*l,...,N,  then 
the  probability  density  function  of  the  random  variable 
N 

T  *  IX  a^Xt  ,  ^0,  i  *  i, ...,N, 

i*l 

is  given  by 

fY(y)  =  M y  i-nr  a^s  Mg-Cf^x^y}  ,  y>0, 

_i 

where  My.  is  the  inverse  Mellin  transform  operation. 

THEOREM  1.8;  pistrlbution  of  Quotient.  If  Xj^  and  X2  are  continuous 
independent  random  variables  with  probability  density  functions 
fj^Xj)  and  f2(x2)t  respectively,  where  P-CX1<0}-=  P£X2  <£>}■  =  0, 
then  the  probability  density  function  of  the  random  variable 
Y  *  Xj/X2  is  given  by 

fy(y)  *  My‘l«CM8<f1(x1)>M_s  +  2<f2(x2)»  ,  y>0, 

where  My-1  is  the  inverse  Mellin  transform  operation. 

THEOREM  1.9:  pistrlbution  of  Rational  Power.  If  X  is  a  continuous 
random  variable  with  probability  density  function  where 
P^X<0j,=  0,  then  the  probability  density  function  of  the  random 
variable  Y  »  X*,  a  rational,  is  given  by 

fy(y)  a*V_l{M.s_a+1{fx<x)}},  y-°» 

where  M^-1  is  the  inverse  Mellin  transform  operation. 
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THEOREM  1.10;  Moments  of  a  Distribution.  If  X  is  a  continuous 
random  variable  with  probability  density  function  fx(x),  then 
(1)  if  fx(x)  is  defined  on  the  whole  real  line, 

E^)  *  (l/ik)  £r  Ft{fx(x)>  I  ,  and 
dt  lt*0 


(2)  if  P<X<0>=  0, 


E(Xk)  -  (-l)k  Lr-Cf^x)}!  *  fx(x)>  I 

dr*  I  r  *  0  I  r  = 

*  Ms{fx(x)>  | 


I  s  *  k  +  1 


CHAPTER  2 


THE  H-  FUNCTION 


2.1.  GENERAL  REMARKS 

Once  the  initiate  to  H-  functions  proceeds  beyond  the  difficult 
mathenatlcal  hurdles  of  understanding  the  definition,  convergence, 
and  evaluation  of  an  H-  function  (section  2.2.  and  chapters  3  end  5)» 
he  can  then  begin  to  appreciate  the  unique  advantages  of  using 
H- functions.  Fbremost,  the  H-  function  is  the  most  general  special 
function,  encompassing  as  special  cases  most  of  the  other  special 
functions  and  elementary  functions  of  mathematics.  Thus,  anything 
accomplished  with  the  general  form  for  the  H-  function  is  valid  for 
all  special  cases  and  has  been  accomplished  therefore  for  every 
member  of  a  large  class  of  functions.  When  the  accomplishment  is  a 
procedure  involving  differentiation  or  integration,  the  general 
nature  of  that  procedure's  applicability  is  particularly  meaningful. 

The  properties  of  the  H-  function  which  are  presented  in  this 
chapter  are  readily  seen  to  be  no  more  than  simple  adjustments  of 
given  parameters.  The  simple  parameter  changes  needed  to  find  the 
Laplace,  Fourier,  and  Mellin  transforms  or  the  derivatives  of  an 
H-  function  are  trivial  compared  to  performing  these  same  operations 
for  the  various  special  cases.  Treating  the  many  different  types  of 
special  cases  separately  requires  remembering  a  large  nuaber  of 
differentiation  formulas  and  integration  methods  or  compiling  long 
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tables  of  the  results.  Another  advantage  Is  that  the  derivatives, 
Laplace  transform,  and  Fourier  transform  of  an  H-  function  are 
themselves  H-  functions.  Formulas,  procedures,  and  computer  programs 
used  to  handle  an  H  -  function  can  also  be  used  to  handle  its  deriva¬ 
tives  and  integral  transforms. 

Chapter  4  presents  the  H-  function  distribution,  a  probability 
density  function,  expressed  in  terms  of  an  H-  function  times  an 
appropriate  constant.  Many  of  the  classical  statistical  distribu¬ 
tions  are  special  cases  of  the  H-  function  distribution.  Moreover, 
use  of  this  general  H -  function  distribution  has  a  singular  advantage! 
the  probability  density  function  of  the  products,  quotients,  and 
rational  powers  of  independent  H-  function  distributed  variates  is 
another  H-  function  distribution.  This  new  H-  function  is  easily 
determined  by  combining  and  adjusting  the  parameters  of  the  given 
H  -  function  distributions  for  the  variates .  This  closure  property 
is  not  common  to  the  classical  distributions;  for  example,  the 
product  of  normally-distributed  Independent  random  variables  is  not 
distributed  normally. 

On  the  other  hand,  the  probability  density  function  of  the  sum 
or  difference  of  two  H  -  function  variates  is  not  in  general  an 
H- function  distribution.  E&r  malting  use  of  the  simple  relation  for 
finding  Laplace  transforms  of  H-  functions,  a  straight-forward  tech¬ 
nique  can  still  be  used  to  determine  the  distribution  of  the  sum  of 
H-  function  variates.  This  technique,  shown  in  Chapter  4,  provides 
a  numerical  evaluation  to  any  desired  accuracy. 
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2.2.  DEFINITION 

The  H-  function  is  defined  by  either  of  two  forms  (10;  4:35- 
37;  7:98-  102;  18:2-3;  21:195-  198): 

H(z)  -  H  m  0  C  z  ;  {(a  itAi)>  ;  <(b1,Bl)}3 

p  q 


m  n 

/LI  P  (b^  +  B«  s)  11  I*  ( 1  -  a^  -  A^s) 

1=1 _ 2=1 _ 

p  q 

Ci  irrCai  +  Ais)  TT  r(l  -  bi-  B^s) 

i=n+-l  i=m+l 


z~a  ds 


(2.1) 


-L-  f  -1=1 
27riX  p 


m  n 

Trr^i-BiS)  TT  P(l-ai+Ais) 

•  •  _ i=l  _ 


c2  irr(a1-Ai!)  ir  r(i-bi  +  Bis) 
i=n+l  i=o+l 


z+s  ds. 


(2.2) 


where  z  and  all  a^  and  b^  are  real  or  complex  numbers,  all  and 
Bj  are  positive  real  numbers,  and  m,  n,  p  and  q  are  integers  such 
that  01  mSq  and  OlnSp.  Empty  products  are  defined  to  be.  equal 
to  unity  (1).  is  a  contour  in  the  complex  s-plane  running  from 
w-ioo  to  w+ioo,  such  that  all  poles  of  IT  r(bi+Bi»)  lie  to  the 
left  of  Ci  and  all  poles  of  "TT  P(l-  a^- Aj.s)  lie  to  the  right. 
Similarly,  C2  is  a  contour  running  from  v-ioo  to  v  +  ioo,  such  that 
all  poles  of  TT  P( b^  -  B^s)  lie  to  the  right  of  C2  and  all  poles 
of  *TT  r(l-aitAj.s)  lie  to  the  left. 

form  (2.1)  above  is  that  of  a  Mellin  transform  inversion 


integral  (refer  to  section  1.3*1)*  Form  (2.2)  is  that  of  a  type 
of  the  general  Mellin-Barnes  integral  (refer  to  section  3*2). 
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Form  (2.2)  above  is  easily  found  from  form  (2.1)  by  substituting 
-s  for  s  everywhere  in  (2.1),  letting  v  equal  -w  and  recognizing  that 

$a  f(-s)  d(-s)  *  $b  f(-s)  ds  . 

Form  (2.1)  of  the  H-  function  definition  is  used  hereafter, 
because  of  the  direct  relation  for  the  Mellin  transform,  as  shown 
in  the  next  section. 


2.3.  PROPERTIES 

2.3.1.  Reciprocal  argument  (4:36;  7:101;  18:4;  21:196): 

H  Cz  :  *C(ai»Ai)}  ;  <(bi,Bi)>  3 
p  q 

=  Hn”c|:  ^l-bi.Bi)}  ;  {(l-ai,Ai)>3.  (2.3) 

q  p 

2.3.2.  Argument  to  a  real  power: 

H  Czk  :  {(ai.Ai)}  ;  <(bi,Bi)>3 
P  q 

=  k-1  H  iz  i  <(ai,Ai/k)^  ;  {(b^Bi/k)}]  , 

p  q 

for  k>0  (4:36;  7:101;  21:196);  (2.4) 

or  equivalently,  for  k>0  (18:4), 

H  £z  s  "C(ai»Ai)>  ;  -((bi.Bijyi 

p  q 

=  k  H  ”  ”Czk  :  {(ai,kAi)>  5  <(bi,kBi)>3.  (2.5) 

p  q 


I 


* 


k 


A  ■ 
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Combining  properties  (2.3)  and  (2.4),  when  k<0. 


m  n 


H  CzK  :  ^(ai.Ai)};  {(bi.Bi^n 
p  q 


n  m 


*  (-k)*1  H  Cz  s  <(l-bi,-Bi/k)>  ;  <(1- ai,-Ai/k»3 


q  p 


(2.6) 


and,  combining  properties  (2.3)  and  (2.5)*  when  k<0, 


m  n 


*  H  Cz  :  ■C(ai,A1)>  ;  {(b^B*)^ 

P  q 

=  -k  H  Czk  :  -((1- bit-kBi))>  ;  <(1- ai.-k^))-] 

q  p 

(2.7) 

2.30.  Multiply  by  the  argument  to  a  power  k  (4:36;  7:102;  18:4; 
21:196): 

m  n 


z  H  Cz  :  {(a^Ai))-  ;  {(b^Bi)}.] 
p  q 


m  n 


*  H  Cz  :  { (a^  +  kAi,A^)}  i  {(b.^  +kB^,Bi)^]  . 
p  q 

(2.8) 

2.3.4.  If  one  of  the  (a^A*),  iln,  is  equal  to  one  of  the 
(bj,Bj),  j > m,  or  one  of  the  (a^Ai),  i>n,  is  equal  to  one  of  the 
(bj,Bj),  jSm,  then  the  H-  function  reduces  to  one  of  lower  order: 
m  n 

H  Cz  :  {(a-j^A^)};  (bi,Bi),  •••*  (bq-l*3q-l)*  (a^,Ai)  3 

p  q 

m,n-l 

*  H  Cz  :  («2*  A2)*  ♦ « •*  («p,Ap)  J  <(bi,Bi)>3, 

p-i.q-i 

provided  n>0  and  q>m  (18:4); 


(2.9) 


V, 


35 


t 


t 


m  n 

*  H  Cz  :  (ai*A^),  ••  •,  (ap_i»  Ap_i) ,  (b^B^)  !  ^(b^,B^)^3 
p  q 

m-l,n 

=  H  Cz  :  ^(ai*A^)}  !  (bj*  Bj) » •  •  • » (bq*  Bq)  3  , 

p-l,q-l 

provided  m>0  and  p>n.  (2.10) 

2.3.5.  Mellin  transform. 

Form  (2.1)  of  the  H-  function  definition  is  exactly  that  of 
a  Mellin  transform  inversion  integral  (refer  to  section  1.3*1), 
so  that  the  Mellin  transform  of  the  H-  function  is  directly  given 
as  (4:37;  7:102;  21:199): 


Ms{H(cz)> 


m  n 

11  I*  (bi  +•  Bj,  s)  11  r(l-ai- Ats) 

e~8  j=l  1=1 _  . 

p  q 

ir  r(ai+Ais)  ~nr  ru-bi-B^) 
i*n+l  i^iH-1 

(2.11) 


2.3*6.  The  Laplace  and  Fourier  transforms  of  an  H-  function  are 


themselves  H-  functions  (4:38-39;  7:102;  21:199-  201): 


n+l,m 

LpCfKcz)}  =  c"1  H  Cr/c  :  <(l-bi- Bi.Bi)}  5 
q.pti 

(0,l),<(l-ai-Ai,Ai)>] 

(2.12) 

n+l,m 

Ft{H(cz)>  =  c"1  H  C-it/c  :  <(1  -  \  -  B^B*)}  ; 

q,p+l 

(0,1),  {(1 "  *i  -  Ai»Ai)^  ] 

(2.13) 
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2«3«7.  Derivatives. 

The  r-th  derivative  of  an  H-  function  can  be  shown  to  be  an 
H- function  by  using  Skibinski’s  derivative  formula  (20;  18:5-7, 
12  -  14) : 


2r  dL  Hm  "tz*  :  -C(ai,Ai)>  ;  {(bitBi)>3 

dzr  p  q 

a,n+l 

*  H  Czk  :  (0,k),  <(aitAi)}  ;  {(b^B^  ,(rfk)3 

p+l,q+l 

for  k>0  and  r  a  non-negative  integer.  (2.14) 
Multiplying  both  sides  of  (2.14)  by  z~r  and  then  applying 
property  (2.8)  to  the  right  side  gives,  for k>0: 


•  £-  H(zk)  *  H<r>(zk) 

dz^ 

m,  n-t-1 

*  H  E*k  :  (-r,k),  ”C(«i ” •pAi»Ai)}  5 

P+l.q+1 

«bl-5Bi*B1)>,(0,k)3.  (2.15) 

Similarly,  for  k<0: 

t  \  i  m,n*-l  , 

*  H(r)(zk)  =  (-l)r  H  Czk  :  (1,-k),  ; 

p+l.q't-l 

<(bi+rcBi,Bi)>  ,(l  +  r,-k)3.  (2.16) 

TThen  r  is  zero,  (2.14)  through  (2.16)  reduce  to  the  trivial 
H(zk)  *  H(zk),  using  property  (2.9)  or  (2.10).  Skibinski's  rule, 
formula  (2.14),  will  be  used  in  section  ?.5»  to  derive  new 
relations  between  H -  functions  and  between  H-  functions  and  well- 
known  elementary  functions. 


„  wyn  -  «►»>■»  i- ■■ 
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2.3*8.  Parameters  differing  by  an  integer  r  (18:4-5): 
m,n+l 

H  Cz  :  (c,C),  >C(ai»Ai)>  '*  ■C(bi»Bi)>  ,(c  +  r,C)3 

p+l,q+l 

m+l,n 

«  (-l)r  B  Cz  :  {(a^A*)}  ,(c,C)  ?  (c  +  r,C),  -((bi.Bi))} 

P+l,q+l 

(2.17) 

m+l,n 

H  Cz  :  •£(ai,Ai)}  ,(o- r,C)  ;  (c,C),  {(b^B*)}  ] 

p+l,q+l 


m,n+l 

=*(-1)  H  tz  :  (e-r,C),{(ai,A1)>  ;  *((1^,%)},  (c,C)] 

p+l,q+l 

(2.18) 

2.3*9.  Recurrence  relations. 

Throughout  the  literature,  a  great  number  of  recurrence  or 
contiguity  formulas  relating  H-  functions  of  the  same  order 
(m,n,p,q)  can  be  found  (11;  33  to  53;  18:7-8,17-19).  A  few 
typical  examples  are  given  below  (18:7-8): 
m  n 

(al -  *2)  H  Cz  :  (a^, A^), (ag, ), (a^» A^) , • • • » (ap, Ap)  ; 

pq 

<Cbi,Bi)>] 

m  n 

=  H  Cz  :  (ai»Ai), (*2-  1,A^), (a^,Aj)* ...» (ap,A_)  ; 
p  q  r 

<(bi.%)>3 

m  n 

-  H  Cz  :  (a^  -  1 ,  Aj),  (a2» A^) ,  (a-j, A^) , . . • ,  (ap,  Ap)  ; 

P  9 

{(b^)}} 


where  n^2  (note  that  A^  *  A2) 


(biAt  -  a^Bi  +  Bt)  H  L  z  :  <(ai,A1)>  ;  <(bi,Bi)>3 

p  q 

=  Bi  H  Cz  :  (ai“  1» A^) i  (a2« ^2) >  •  •  • » (^pt  Ap)  » 

p  q 

+  Aj  H  Cz  :  {(a^Ai)}  5  (bj + l.Bj), (b2,B2)* •••* (bq,Bq)3 

p  q 

where  mil  and  nil. 

(bqAi  -  ajBq  +  Bq)  H  Cz:  {(a^Ai)}-  ;  {(b^Bj.)}-} 

=  Bq  H  Cz  :  (a^-  l,Ai),(a2,A2)»  ..MCaptAp)  *  ■((b^jBi)^' 3 
p  q 

m  n 

•  A.  H  Cz  :  •{(ai,Ai)}'  ?  (b^Bj), . . (bq_i,Bq_i)* 
p  q 

(bq  +  l.Bt,)] 

where  n  >1  and  q>m. 

m  n 

(a_-ka^)  H  Cz  :  (1  +  ai»Ai),(a2»A2)t  •••>(ap-l»Ap_i)> 

^  “  pq 

(l  +  ap,^)  ;  -((bi.Bj^J 

m  n 

=H  [z  :  (1 + a^, A^), (a2,A2)» • • •» (ap-ljAp^^), (ap,kAj)  ; 

p  "  {<»!.%)>  3 

m  n 

+  k  H  Cz  :  (*i»Ai)»  •••«  (ap-l»Ap-i)»  (1  +  apjkA^)  i 

P  q  «C(bi,Bi»3 


where  k^O  and  l£n<p. 
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2.4.  KNCfr/N  SPECIAL  CASES 

An  extensive  list  of  elementary  special  functions  expressed 
as  special  cases  of  the  H-  function  is  given  by  Mathai  and  Saxena 
(18:10-  12,145-  159)*  The  most  important  and  most  familiar  of 
these  cases  are  given  below: 

2.4.1.  Exponential  and  Power  Functions. 


1  0 

e~z  =  H  tz  :  (0,1)3  (4:40) 

0  1 

,  1  0 

zb  e~z  =  H  Cz  :  (b,l)3  (18:151) 

0  1 

i  l/B  1  0 

B"1  zb/B  e~z  =  H  lz  :  (b,B)3  (18:10) 

0  1 

,  1  0 

zb  =  H  tz  :  (b  +  1,1)  ;  (b,l)]  (18:152) 

1  1 


zb  (l-z)+a  =  r(a  +  l) 

zb  (1  +  z)”a  =  H  C  z 
1  1 


1  0 

H  Cz  :  (•♦b+1,1)  5  (b,l)3 

1  1 

(18:152) 

:  (b-a+1,1)  ;  (b,l)3/r(a) 

(18:10) 


2.4. 2.  Trigonometric  and  Ityperbolic  Functions  and  Their  Inverses. 


1  0  . 

sin(z)  =  #8  C*  A  :  (i,l),  (0,1)3  (18:151) 

0  2 

1  0  , 

cos (z )  = -^T  H  Cz^/4  :  (0,1), (£,1)3  (18:151) 

0  2 


sinh(z)  =  -i  t/W  H  C  -z2/4 
0  2 


(£,1),(0;1)3  (18:151) 


oosh(z)  =V5r  H  C-Z  /4  :  (0,l),(i,l)3  (18:152) 

0  2 


arcsin(z)  =  ±  H  C  -z2  :  4,1),  4,1)  ;  (0,1),  (4,1)  3 

2  2 

(18:152) 

1  2  9 

arctan(z)  «  j  H  Cz  :  (1,1), 4,1)  ;  4,1), (0,1)3 

2  2 

(18:152) 

1  2 

arcsinh(z)  =  (1/2  VW)  H  C®2  :  <1,1),(1,1)*4,1), (0,1)3 

2  2 

(18:152) 

12 

arctanh(z)  *  b  H  C-zZ  :  4,1), (0,1)  ;  (0,1), 4,1)3 
2  2 

(18:152) 

Applying  property  (2.4)  with  k»2  to  the  above  eight  formulas: 


sin(z)  *  i  Vt?  H  Ci*  s  4»i),(0,£)3 
0  2 


cos ( z )  =  iVwH  Ci*  s  (0,i),4,i>3 
0  2 


sinh(z)  *  -iiViPH  Cii*  :  44),(o,i)3 
0  2 


cosh(z)  *iV5rH  ii±z  :  (o,i),4,i)3 
0  2 


arcsin(z)  =  i  H  C  iz  :  44), 44)  ;  (0,£),  (4,1)3 
2  2 


arctan  (z)  =  i  H  £z  !  44), 44)  5  44),(04)3 
2  2 


1  2 

*  (1/4VTT)  H  Cz  :  (l,i),(l,i)  J  (*,*), (0,*) 3 
2  2 


*  aretanh(z)  *  ■§■  log((l  +  z)/(l -  z)) 

1  2 

«-*i  H  ZU  :  (i,i),(i,i)  ;  (i,i),(i,i)3 
2  2 

1  1 

a  -*i  H  C  iz  :  (i,i)  $  (i,i)  3  , 

1  1 

after  also  applying  (2.9). 

2.4. 3«  Logarithmic  Function. 

1  2 

iog(i  +  z)  c±  *  :  (1,1), (1,1)  ;  (1,1), (0,1)3 

(18:152) 

2.4.4.  Bessel  Functions  (18:10-  11,152-  153)* 

Starting  with  Mathai  and  Saxena's  formulas  with  OC»0  and 
applying  property  (2 .4)  with  k *  2: 

1  o 

*  Jv(z)  si  h  Zb:  (f*,i),(-iv,£)3 

0  2 

2  0 

*  Ky(z )  H  Zb  :  (iv,i),(-iv,i)3 

0  2 

2  0 

*  I/z)  Ciz  :  (-i(v+l),i)  ;  ($v,$ ),(-!▼, i), 

1  3 

(-i(v  +  i),i)3 

u  1  0 

Jy(z)  -  H  Cz  :  (0,1),(-V,u)3 
0  2 

(Maitland's  generalized  Bessel  function) 
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2.4.5.  Confluent  Ffypergeometric  Function  (1:506). 

M(a,b,-z)  »  jF^ajbj-z) 

r(b)  ii 

- -  H  Cz  :  (l-a.l)  ;  (0,l),(l-b,l)3 

r(i)  i  2 

2.4.6.  Ifypergeometric  Function  (18:158). 

P(a)P(b)-2F1(a,b;c;-z5/r(c) 

1  2 

*  H  U  :  (l-a,l),(l-b,l)  ;  (0,1), (1- c,  1)3 
2  2 

2.4.7.  Generalized  Ifypergeometric  Functions  (4;40;  7:101;  18:11, 
159;  21:197-  198). 

pV  <*i>  » <bi>  s  -*)  -  ( “n*  r  (bi)  /  tot  r(ai))  • 

A  =1  4—1 


1  p 

•  H  Cz  :{(1-H,1)}  ;  (0,1),  <(l-bi,l)>3, 
p  q+i 

for  p5q  or  for  p*q  +  1  and  Izl  <1. 


1  P  _ 

-H  Zz  :  {.(l-a^Ai)};  (0,1),  <(1  -  bi,B1)>  ] 
p  q+i 

(Maitland's  or  Wright's  generalized  hypergeometric 

function) 

e(p;  *Cai>  ;  q;  ;  z) 
p*i  „ 

-  H  C  z  :  (1,1),  <(bi,Bi)>  ;  ^,^>3 
q+i.p 


(MacRobert's  E-  function) 
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2.4.8.  Meijer's  G-  function  (4:41;  7:101;  18:11,159;  21:197-  198). 

m  n 


m  n 

G  Cz  :  3  =  H  Cz  :  -C(ai,l)>;  <(bltl)>3 

P  9  lbi>  P  q 


Extensive  lists  of  elementary  special  functions  expressed  as 
G-  functions  are  given  by  Luke  (14:225  -  234)  and  Mathai  and  Saxena 
(16:53-  68). 


2.5.  HEW  USE  OF  SKIBIHSKI'S  DERIVATIVE  ROLE  (Equation  2.14) 

One  of  the  more  difficult  aspects  of  dealing  with  H-  functions 
is  to  relate  the  higher  order  H-  functions  both  to  elementary 
functions  and  to  lower  order  H-  functions .  One  tool  for  doing  this 
is  the  derivative  rule  that  has  been  presented  in  section  2.3.7. 
2.5.1.  Consider,  for  example,  from  section  2.4.1., 


1  0  _  1  K/n  !/B 

H  Zz  :  (b,B)3  *  B"1  zb/B  e~z 
0  1 


(2.19) 


The  derivative  rule  (2.14)  can  be  applied  to  (2.19)  to  find  some 
new  formulas: 


1  1  .  1  0 
H  Cz  :  (0,1)  ;  (b,B), (1,1)3  *  z  §-  H  Cz  :  (b,B)3 


1  2 


dz 


0  1 


.  i.  o'1 


bB'2  -  B-2 


The  above  result  combined  with  (2.17)  (rives  the  following  new 
relations : 


■*  bir« 
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1  1 

*  H  Cz  :  (0,1)  ;  (b,B),(l,l)3 

1  2 

,  10  1  1  0 
*  bB  H  tz:(b,B)3-B  H  tz:(b+l,B)3 
0  1  0  1 

2  0 

«-  H  Cz  :  (0,1)  ;  (1,1),  (b,B)3  •  (2.20) 

1  2 

Multiplying  (2.20)  by  za  and  using  property  (2.8): 

1  1 

H  Cz  :  (a,l)  ;  (b + aB,B), (a + 1, 1) 3 
1  2 

.  ,<b..B)/B  0-*l/BCb -  *1/B5  ■ 


i/a 

Substituting  x  *z,  b  =  b  -t-  aB,  and  then  B=*AB,  and  using  properties 
(2.4)  and  (2.17)  gives  the  following  new  relations: 


* 


1  1 

H  Cx  :  (a, A)  ;  (b,B),(a+ 1,A)3 
1  2 


_-2  b/B  -x1'0  _  ,  l/B» 

=  B  x  e  (bA -  aB-  Ax  ) 


.  10  .  1  0 
*B  (bA-aB)  H  [x:  (b,B)3-AB_  H  Cx:  (b+l,B)3 
0  1  0  1 


2  0 

*  -  H  Cx  :  (a, A)  ;  (a  +  1,A),  (b,B)  3  .  (2.21) 

1  2 


Next,  consider  (2.19)  with  B*  1;  then,  applying  the  derivative 
rule  (2.14): 

H  Cz  :  (0,1)  ;  (b,l),(r,l)3  ■  zr  ~r  (zb  e~z)  * 

1  2  dzr 


V, 


i 
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♦ 


=  zr 


w=0 

r 

w=0 


.r-w 


(  w  )  Srw  (*  >  2-5  CO 

dz  dz 


(  w) 


r(b  +  1>  b-  r  ■*•  w 


(-1)W  e- 


P  (b  +•  1  -  r  +  w) 

The  above  result  combined  with  (2.1?)  gives  the  following  new 
relations : 


1  1 

H  Cz  :  (0,1)  ;  (b,l),(r,l)3 
1  2 


*  T(b+1)  zb  e"2  YZ  (  W  )  (“K>W/  P(b+l-r  +  w) 

w=0 

*  P(b+1)  fid)  (-1)W  H  1  \z:  (b  +  w,l)J 

W=0  _ 0J; _ 

P(b+  1  -  r  +  w) 

2  0 

*  (-l)r  H  [z  :  (0,1)  ;  (r,l),(b,l)3  , 

1  2 

for  non-negative  integer  r.  (2.22) 

Multiplying  (2.22)  by  za  and  applying  property  (2.8): 

1  1 

H  [z  :  (a,  1)  ;  (b  +  a,l),(a  +  r,l)3 
1  2 


*  P(b+  1)  zb  +  a  e"2  ZZ  (  w  )  P(b+  1-  r +w)  , 

w=0 

Substituting  b*b  +  a  and  x1^®»z,  and  using  properties  (2.U)  and 
(2.1?)  gives  the  following  new  relations: 

1  1 

*  H  [x  :  (a,B)  ;  (b,B), (a  +  r,B) 3  * 

1  2 


(next  page) 


B_1r(b-a+ l)xb/B  e"*  f]  (^K-x1/0)”/  r(b-a+l-r+w) 


r  „  P (b-a+1)  1  0 

TZ  (  W  )(-DW -  H  £x  s  (b  +  w, B) 3 

w=0  P  (b-a-t-l-r+v)  0  1 


*  (-l)r  H  £x  j  (a,B)  ;  (a  +  r,B),  (b,B) 3  , 
1  2 


for  non- negative  integer  r. 


(2.23) 


Note  that,  when  r=*0,  (2.23)  reduces  to  (2.1?)  by  property  (2.9) 
Also,  referring  to  section  2.4.5.,  if  b*0,  B*1  and  c*l-a, 
then  (2.23)  becomes 

*  ^(cje-rj-x)  =*  e“x2Z  (  w  )  - - - - -  (“*)"  » 

w=0  P(c-r+w) 


for  non-negative  integer  r. 


(2.24) 


2.5*2.  Following  the  same  procedure  as  in  section  2.5.I.,  but 
starting  with  the  following  known  H-  function  of  section  2.4.1., 

H  1  °c®  :  (d,l)  ;  (b,l)3  *  zb(l-s)d_b"  V  r(d-b)  , 
1  1 

then  the  following  new  relations  are  derived: 


H  C  x  :  (a,B),  (d,B)  ;  (b,B),(a  +  r,B)3 
2  2 

r  r (b -  a  +  1)  (-i)"x<b  +  w)/B(i-x1/B)d-b-l-w 

-  n  o  — - — - - - - - 

w=0  P(b-a+l-r  +  w)  P(d-b-w) 

r  r(b-a+l)  (-l)w  1  0 

■£5:  (w)  -  H  Cx  :  (d,B)  ;  (b  +  w,B)3 

w=0  r(b-a  +  l-r+w)  1  1 
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2  0 

*  =  (-l)r  H  Cx  :  (a,3),(d,B>  ;  (b,B), (a  +  r,B) 3  , 

2  2 

for  non-negative  integer  r.  (2.25) 

And,  starting  with  the  following  known  H-  function, 

H  1  *  C  z  :  (a,  1)  5  (b,l)3  =  r(b-a+l)  zb  (1 + z)"b+“"1, 

1  1 

then  the  following  new  relations  are  found: 

1  2 

*  H  £x  :  (altB),(a2,B)  ;  (b,B), +•  r,B) 3 

2  2 

r  r(b-at+l)  r(b-a?  +  l+w)  x(b  +  w^B 
^0  W  P(b-ai  +  l-r+w)  (-l)w  (i+xi/Bjb-aa+l+w 

r  P(b-a1  +  l)  (-l)w  11 

*ZI  (£)  -  H  Cx  :  (a2»B) » (b+w,B) 3 

w=0  P(b-a^+l-r  +  w  1  1 

r  2  1 

a  (-1)  H  Cx  :  (a2,3),(a1,B)  ;  (b,B),(a1  +r,B)3  , 

2  2 

for  non-negative  integer  r.  (2.26) 

2.5.3.  Because  the  section  2.5.1*  and  section  2.5*2.  results  are 
summations,  the  second  application  of  Skibinski's  derivative  rule 
produces  somewhat  more  complicated  results.  Consider  the  p-th 
derivative  of  (2.23)  where  B*  1: 

1  2 

H  Cz  :  (0,1), (a, 1)  j  (b, 1), (a + r, 1), (p, 1) 3 
2  3 


.p  1  1 

dzp  1  2 


Cz  :  (a, 1)  ;  (b,l),(a + r,l) J « 


K 


V 


r  r<b-a  +  l)  (-l)w  p  .  . 

z*  iz  o  — — — —  4  (*b<’u .-) 

w=0  l?(b-a  +  l-  r  +  w)  dzp 

D  r  ,  r(b-.  +  l)  (-1)W 
2p  n  (5) - z-p  • 

w=0  l?(b-a  +  l-r  +  w) 


*  H  C z  :  (0,1)  ;  (b  +  w,l),(p,l)3  . 
1  2 

The  above  result  provides  the  following  new  relations: 


*  H  Cz  :  (0,1), (a, 1)  j  (b, 1), (a + r,l), (p, 1) 3 
2  3 


iz  iz  <;><?> 

w=0  v=0 


(-l)w  +  v  r(b-a+l)  P(b  +  w+l)  I e 


b+w+v  -z 


iz  £  oo 


V  P(b«a  +  l-r  +  w)  r*(b  +  w+l-p  +  v) 
„  (-l)w  +  v  r(b-a  +  l)  r(b  +  w+l) 


w=0  v=0 


r(b-  a+  1-r  +  w)  37(b+w+l-p  +  v) 


•  H  C  *  '  (b  +  w  +  v,  1)3 
0  1 

r  „  r(b-atl)  (-l)w  1  1 

H  O  -  H  Cz  :  (0,1)  ;  (b  +  w,l),(p,l)3 

w=0  P(b-a+l-r  +  w)  1  2 


*  (-l)p  H  C*  :  (»,1), (0,1)  ;  (p,l),(b,l),(a  +  r,l)3 

2  3 

3  0 

=  (-l)p  +  r  H  Cz  :  (0, 1), (a,  1)  {  (a  +  r,l),(p,l),(b,l)3 

2  3 


=  (-l)r  H  Cz  :  (0,1), (a, 1)  ;  (a  * r,l), (b,l), (p,l) 3 , 
2  3 

for  non-negative  integers  p  and  r,  where  the  last  three 
H-  functions  are  differing  applications  of  (2.17).  (2.27) 


V, 


Continuing  with  the  section  2.5 .1.  procedure,  the  following  new 
relations  are  also  found: 


H  Cx  :  (altB),(a2,B)  ;  (b,B) , (a!  +r,B), (a2  +  P,B)J 
2  3 

_^*E_  #r%/p%  (-l)w  +  v  T(b-a  +  i)  r(b-a2  +  w+l) 

—  Z_  (w)vv)  '  “  '  " 

w=0  v= 0  r(b-a1  +  l-r+w)  1?  (b- a2  +w+  1  -  p  +  v) 


.  x(b  +  w+v)/B  e-x 


_EL  p  (-l)w  +  v  r<b-a1  +  l)  r(b-a2  +  w+l) 

~  /  2_  (v)  (v)  ~~~  1  ~*'  ****  . . —  * 

w=0  v=0  r(b-at  +  l-r  +  w)  T  (b- a2  +  w+ 1  -  p  +  v) 


*  H  £x  :  {b+w  +  v,B)3 
0  1 

r  (-l)w  r(b-a1  +  l)  11 

Z—  (w)  -  H  Cx:(a2,B);(b  +  w,B),(a2*i>,Bfl 

w=0  rCb-a^^-H-r  +  w)  12 

2  1 

(_1)r  H  ^  ^C*  :  (a2,B),(alfB)  ;  (aj r,B),  (b,B),  (a2  +  p,B)3 


*  (-1)P  H  [x  :  (a1,B),(a2,B)  ;  (a2  +  p,B),(b,B),(a1  +  r,B)3 
2  3 


(-l)p‘t'r  H  Cx:  (alfB),(a2,B)  ;  (b,B),(a. +r,B),(a2  +  p,B)3 
2  3 


for  non-negative  integers  p  and  r 


(2.28) 
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2.6.  NEW  REDUCTION  TOTOULAS 

The  well-known  relation  P(z  +  l)*z  r(z)  leads  to  a  number 
of  simple  reduction  formulas  for  special  cases  of  the  H-  function. 


Using  this  relation, 

P(H-b  +  Bs>  P(kb  +  kBs)  -  (b  +  Bs)  P(kb  +  kBs) 

P  (b  +  Bs  ) 

*  k_1(kb  +  kBs)  P (kb  +  kBs)  *  k"1  P  (1  + kb  + kBs) . 

(2.29) 

Applying  (2.29)  to  the  H- function  definition  (2.1),  for  k>0: 
nH-2,n 

*  H  Cz  :  <(ai,Ai)>,(b,B)  ;  (b+l,B),(kb,kB),  {(bi.Bi))! 

p+l,q+2 

.  tiH-l,n 

*  k”  H  C z  •  “{(ai’Ai))*  *•  (1  +  kb.kB) ,  {(b^B^)}! 

p,q+l 

(2.30) 

m+-l,n+l 

*  H  C*  :  (H-ka,kA),  -((a^Ai)}  ,(a,A)  ;  (a  +  l,A),  {(b^.R))?) 

p+2,q+l 


* 


»  -k 


-1 


m,n+l 

H  Cz  :  (ka,kA),  <(ai,Ai)>  ;  {(b^Bi)}] 
p+l,q 

(2.31) 


m+l,n 

H  Cz  }  ^(aj» A^) , (a  +•  1, A), (ka,kA)  !  (a, A),  ^(b^.Bj^^J 

P+2,q+l 


* 


m,n 

*  k  H  Cz 

p+i,q 


;  ■C(ai,Ai)>  ,(l  +  ka,kA)  ;  <.(bit Bj)}} 

(2.32) 


m+l,n 

H  Cz  :  *C(*i»Ai)}’  ,(b+  1,B)  ;  (b,B),  ,(1  +  kb.kB)] 

p+l,q+2 


-k  H  "’^Cz  !  <(ai»Ai)>  5  *C(bi»Bi»  ,  (kb.kB) 3  ^  ^ 


I 


j 

i 


.'v* 
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Similarly, 

TVl-a-As)  P  (-ka  -  kAs )  m  k”1  P(l-ka-kAs) 
r (-a  -  As ) 

leads  to  the  following  reduction  formulas  for  k >0: 
m,n+2 

*  H  Cz  :  (a,A),(H-ka,kA),  {(a^)}  ;  {(b^)}  ,(a  +  l,A):i 

p+2,q+-l 


.  m,n+l 
*  k"1  H  [z  : 
p+l,q 


(ka,kA),  <(ai,A1)>  ;  {(b^Bi)};} 

(2.» 


m+l,n+l 

*  H  Cz  :  (b.BM^.Ai)).  ;  (kb.kB),  <(bi,Bi)>  ,(b+  1,B)3 

p+-l,q+2 


,  m+l,n 
=  -k-1  H  Cz 
p,q+l 


:<(ai,Ai)>  ;  (l  +  kb,kB),  <Cbi,Bi»3 

(205) 


* 


m,n+l 

H  Cz  :  (b+l,B),-((ai,Ai)>  ;  {(b^B*)}  ,(b,B),(l  + kb.kB)] 

p-*-l,q4-2 


m,n 

*  k  H  iz 
p,q-t-l 


;  <(bi,Bi)>  .(kb.kB)] 

(206) 


* 


m,n+l 

H  Cz  :  (a+  1,A),  1C(ai,Ai)}'  ,(ka,kA)  ;  <(bi,Bi)>  ,(a,A)3 

p+-2,q+-l 


*  -k 


H  [z  :  {(ai,Ai)>  ,(l  +  ka,kA)  {  {(b^Bj.)^ 
p+l,q 

(207) 


Using  r(z  +  l)*z  P(z)  also  results  in  the  relation 

r^b-t-Bs)  rrn-kbtkBs)  _  rn»kb»kBs) 

r(l4-b+-Bs)  b  +  Bs 


I 


I 


k  r  (kb  +■  kBs) 


(2.38) 


§%»*■*'  ' 


Applying  (2.38)  to  the  H-  function  definition  (2.1),  we  have  the 
following  reduction  formulas  for  k>0: 


* 


m+2  fn 

H  Zz  :  -Oi.Ai)}  ,(b+l,B)  ;  (b,B),(l  +  kb,kB),  {(b^)}} 

p+l,q-(-2 


m+l,n 

=  k  H  Cz  :  <(ai,Ai)>  ;  (kb.kB),  {(b^Bi)}} 
p,q+i 

(2.39) 


m+-l,n-t-l 

*  H  C*  :  (ka,kA),  ,  (a  +■  1,A)  ;  (a, A),  -(.(b^B^)}-] 

p+2,q+l 


-  Res(-a/A) 


m,n-t-l 

k  H  C  z  i 

p+l,q 


(l  +  ka,kA),  <(ai,Ai)>  ;  <(^^>>3 

(2.40) 


m+l,n 

H  Zz  :  {(a^A*)}  ,(a,A),(l +ka,kA)  ;  (a  +  1,A),  {(b^B^}} 

p+2,q-t-l 


a  k-1  H  Zz  :  {(a^Ai)}  ,(ka,kA)  ;  {(b^B^JJ 
p+1»q 

(2.41) 


m,n 


m+l,n 

H  Zz  :  {(a^jA^)}  »(b,B)  5  (b + 1,B),  -C(bi,Bi)>  , (kb,kB)3 

p+l,q+2 


-k'1  H  '  Zz  r-Ua^)).  ;  ,  (1  +  kb,kB)3 

p.q+i  ,  ,  . 

(2.42) 


m,n 


Similarly, 

TV-a-  As)  r(l-fca-kAs)  a  k  T(-ka-kAs) 
27(1-  a-  As) 

leads  to  the  following  reduction  formulas  for  k>0: 
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♦ 


* 


mfn+*2 

H  Cz  :  (a  l,A),(ka,kA),  ■£(ai,Ai)>  ;  ■C(bi,Bi)>  ,(a,A)3 

P+2,q+l 


m,n-t-l 

=  k  H  Cz  : 
p+l,q 


(1  +  ka,kA),  <(ai,Ai)>;  -((b^Bi)}-} 

(2.43) 


m4-l,n+l 

*  H  Cz  :  (b+l,B),  {(ai,Ai)>  ;  (1  +  kb.kB),  <(bi,B1)>  , <b,B)J 

p+-l,q+-2 


+  Res(-b/B) 


m+l,n 

*-k  H  Cz 
p,q+l 


:{(«i,Jii)>i  (kb.kB),  <(bi,Bi)>3 

(2.44) 


* 


mfn+l 

H  Cz  s  (b.B),  <(ai,Ai)>  ;  {(bi.Bi))-  , (b+  l.B), (kb.kB)] 

p+l,q+2 


m,n 

H  Cz 
p,q+l 


:  {(a^Ai))-  ^(bi.BiJy.d+kb.kB)! 

(2.45) 


« 


m,n+l 

H  Cz  :  (a, A),  {,(ai»A^)3'  ,(l  +  ka,kA)  »  {(b^.B^)^  ,  (&+l,A)J 

p+2,q+l 


*  -k”1  H  Cz  :  {(a^A^}  ,(ka,kA)  ;  {(b^.B^)}} 
p+l,q 

(2.46) 

gyanmlas?  Consider  the  derivatives  of  sin(z)  and  cos(z)  from 
section  2.4.2.,  using  (2.15): 

1  0 

xr  sin(z)  *  i V?r  H  C^z  :  (i,i),(0,i)3 


3Z 


0  2 


1  1 

3  Wt?H  Cfz  : 

1  3 


(-i,i)  ;  (o,i), (-*,*), (o.i)D  •  i. 

(2.47) 


Using  (2.45)  with  (b,B)*(-l,l)  and  ka-J-,  (2.4?)  becomes 

,  1  0 

A-  sin(z)  -  (i)"1  iVWH  C*z  :  (0,*),  (1  -  i,±)3  •  * 

dz  02 

1  0 

*  iVJfH  ciz  s  (o,±),(i,£)3 , 

0  2 

which,  by  section  2,4.2.,  is  cos(z)  as  expected. 

Similarly,  d  j  10 

d£  cos(z)  »  -T-  £V?r h  C£z  :  (o,£),(£,i)3 

0  2 

1  1 

-iVfH  C£z  :  (-1,1)  ;  (-£,£>, (o,£>,(o,i)3  •£ 

1  3 

(2.48) 

Using  (2.35)  with  (b,B)  =  (-l,l)  and  k*£,  then  (2.48)  becomes: 
d  ,10 

gj  cos(z)  *  .(ir1  £YFh  Ch  :  (i-i,i),(o,i)3  •  £ 

0  2 

*  -IVSth  C£®  :  (£,£), (o,£)3  , 

0  2 

which,  by  section  2.4.2.,  is  -  sin(z),  as  expected. 

Consider  the  derivative  of  exp(-zR)  from  section  2.4.1., 
using  (2.15): 

h  <e"z  }  •"*  H0 1Cz :  (o.*-1)3 

i  1  1 

a  a  1  H  Cz  :  (-1,1)  ;  (-a  ,a  ), (0,1)3. 

1  2 


(2.49) 
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V, 


Using  (2.35)  with  (b, B)  =  (-l,l)  and  k=l/a,  (2.49)  becomes 

4-  (e"M  =  (-a)  a'1  H  1  °C2  :  (l-a^.a'1^ 
dz  0  1 

10  a-  1  1 

*  -  Hq  C*  :  (  *  ¥  >3, 

£ 

which,  by  section  2.4.1,  is  (-a  za“*  e”z  )  as  expected. 

2.7.  SPECIAL  DERIVATIVE  CASES 

*  The  first  derivative  of  an  H-  function  H(z),  by  equation  (2.15) 
with  k*l  and  r*l,  has  a  numerator  term  (a^.A^)  =*  (-1, 1)  and  a 
denominator  term  (bitB^) *  (0,1).  Combining  this  observation  with 
equations  (2.34),  (2.35)f  (2.45),  (2.46),  where  a*-l  and  b*-l, 
leads  to  the  following  theorem. 

*  THEOREM  2.1:  Given  an  H-  function  of  order  (m'jn'jp'.q*),’ 
m*  n' 

H  (z),  where  either  a^  *  1  for  any  i,  i*l,...,p*,  or  b.i*0 
p*  q' 

for  any  i,  i»l,  ...,q*,  then  the  derivative  of  this  H-  function, 
H*(z),  is  also  an  H-  function  of  order  (m'jn'.p'.q')  or  less. 

2.7.I.  m+l,n 

Let  H(z)  =  H  Cz  x  ■C(ai,Ai)>  }  (0,k),  <(bi,Bi)>3; 
p,q+l 

then,  by  (2.15),  H'(z)* 
m+l,n+l 

H  tz  :  (-1,1),  ^(ai-Ai.Ai)}  ;  (-k,k),  <(bi-Bi,Bi)>  ,(0,1)3  . 

p+l,q+Z 

(2.50) 


t 


V 
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Using  (2.35)  with  (b,B) *  (-1, 1),  (2.50)  becomes: 

.  m+l,n 

*  H' (z)  =  -k"1  H  lz  :  <(4i-Ai,A1)>  ;  (l-k,k),  -((bi-Bi.Bi)^. 

,  p.q+i 

(2.51) 

•  The  cos(z)  and  exp(-za)  examples  of  section  2.6.  are  in  this  class. 

2.7.2.  m,n 

let  H(z)  =  H  lz  :  {(a^) >  ;  {(b^)}  ,(0,k)3  ; 

p.q+i 


then,  by  (2.15),  H’(z)* 
m,n+l 

H  tz  :  (-1,1),  <(ai~Ai»Ai»  5  •C(bi-Bi,Bi)>  ,(-k,k),  (0,1)3  . 

p+l.q-t-2 

Using  (2.45)  with  (b,B)  *  (-1, 1), 

*  H* (z)  *  k-1  H  m’n  lz  :  {(a^A^A*)}  ;  <(bi-Bi,Bi)>  , (l-k,k) 3  . 
p,q+l 

(2.52) 

The  sin(z)  example  of  section  2.6.  is  in  this  class. 

2»7*3*  m,n+l 

Let  H(z)  =  H  lz  :  (l,k),  <(ai,Ai)>  ; 

p+l,q 


then,  by  (2.15),  H'(z)* 
m,n+2 

H  Lz  i  (-1, 1),  (l-k,k),  ^(a^-A^,^)^  I  ^(b^_B^,B^)^  ,(0,1)3  * 

p+2,q+l 

Using  (2.34)  with  (a, A) * (-1, 1), 

.  m,  n+1 

*  H'(z)  »  k’1  H  tz  :  (-k,k),  ^(ai-Ai.Ai)}  ;  {(bj-Bi.Bi)}} . 

p+l,q 


(2.53) 


---*/• 
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2*  m,  n 

Let  H(z)  =  H  Cz  :  <(ai,Ai)>  ,(l,k)  ;  {(b^)}  J; 
p+l,q 


then,  by  (2.15),  H*(z)  = 
m,n+l 

H  Cz  :  (-1,1),  <(a1-A1,Ai)>,(l-lc,k)  ;  <(bi-Bi,B1)>  , (0,1)3 

p+2,q+l 

Using  (2.46)  with  (a, A)  -  (-1,1), 


*  H'(z)  =  -k_1  H  Cz  :  ^(ai-Ai.Ai)}  ,(-k,k)  ;  <(bi-Bl,B,)>3 

p+l,q 

(2.54) 

2.7* 5*  Examples. 

Theorem  2.1  applies  to  most  of  the  known  special  cases  of  the 
H-  function  that  are  given  in  section  2.4.  Besides  the  sin(z), 
cos (z)  and  exp(-za)  derivatives  already  treated  in  section  2.6., 
the  following  derivative  formulas  are  a  consequence  of  Theorem  2.1: 

*  d(arcsin(z))/dz  *  (1-z2)"^ 

1  2 

•■Ha  Ciz  :  (0,i),(0,i)  ;  (i,i),(-l,i)3  . 

2  2 

*  d(arctan(z))/dz  *  (1  +  z2)”* 

1  2 

=  ±  H  Cz  :  <*,*), (0,*)  ;  (0, *),(*,*)  3  , 

2  2 

which  reduces  further,  using  equation  (2.9),  to 

*  d(arctan(z))/dz  *  (l  +  z2)”1 

1  1 

-*H  Cz  :  (0,i)  ;  (0,*)3  . 

1  1 


m,n 
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*  d(arcsinh(z))/dz  *  (l*z2)”^ 

=  <1/2Vtt)*H  1  2Cz  :  (*,*),(*,*)  ;  (0,i),(t,i)J, 

2  2 

which  reduces  further,  using  equation  (2.9),  to 

*  d(arcsinh(z))/dz  =  (1  +  z2)-^ 

1  1 

*  (1/2 Vir)*  H  Cz  :  (i,i)  ;  (0,i)  3  . 

1  1 

The  arctan(z)  and  arcsinh(z)  results  above  can  be  verified  by 
using  the  argument  z2  in  the  section  2.4.1.  formula  for  z®(l  +•  z)”*, 
with  b  =  0  and  a=l  or  i,  and  then  applying  equation  (2.4)  with  k*2. 


Using  Theorem  2.1,  the  derivatives  for  the  Bessel  functions 
of  section  2.4.  with  v*0  are: 

1  o 

d(Jo(z))/dz  ’  -i  H  Cf*  :  (i»i)»(-i»i)3  *  -Ji(z) 

o  2 

1  o 

*  i  h  Ch  :  (-hi)t(iti)  3  *  J_i(z)» 

0  2 

using  first  derivative  formula  (2. 51)  and  then  (2.52); 

2  0 

d(K0(s))/dz  *  -i  H  Ci*  *  (£«£)»  (~hi)  3  »  -K1(z)v 
0  2 

2  0 

and  d(Y0(z))/dz  =»  -}  H  C&  :  (-l'i)l(i.i).  (-M)*  (-1.*)  3 

1  3 

using  (2.51).  Jo'*"Jl*J-l»  K0'--Ki  and  are  known  results 

(1:376,361).  Also,  using  (2.52), 

2  0 

*  T_i'(z)  *  -Yj'U)  E£z  :  (-$,£)  ;  (-l,i),  (0,i),  (£,£)3  , 

1  3 
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and,  using  (2.54), 

2  0 

*  ^.3*(*>«-T3’(z)  3  -±  h  ^  ci*  :  (-£,£)  ;  (-2,£),(i,i),(£,£)3  • 

For  Maitland's  generalized  Bessel  function,  using  (2.51), 

10  u 

*  j“'(z)  =  -H  Cz  :  (0»l),(-v-u,u)  3  a  -Ju+V(*). 

v  0  2 

from  which,  for  v  *  0 , 

1  0 

Jq'(z)  3  -jJJ(z)  3  -  H  ^Cz  5  (0, 1) , (-u,u)  3  , 
which  is  also,  by  (2.52),  equal  to  .  1  0 

u  H  Cz  :  (-l,l),(l-u,u)3  . 
0  2 


Repeated  application  of  (2.51)  gives  the  r-th  derivative  of 
the  hypergeometric  functions  of  sections  2.4. : 


—  M(a,b,-z)  3  2—  ,Fi(a;b;-z) 
d*r  dzr 


3  (-l)r  ?(-bI  H  iz  :  (1  -  a  -  r,l)  ;  (0,1), (1- b- r,l)3 
T(a)  1  2 

P(b)  r(a*r) 

3  (-l)r -  !Fi(a  +  r;b  +  r;-z).  (1:507) 

P(a)  r(b  +  r) 

J  P  (c)r  (a+r)r  (b+r) 

a_  2Fi(a,b;c;-z)  3  (-l)r  -  2*1  (a+r,b+r;c+*;-z) 

dzr  P(»)  r(b)  P (c+r) 

P(c)  1  2 

3  (-l)r _  H  Cz  :  (i-a-r,l),(l-b-r,l); 

P(a)r(b)  2  2  ,, 

(0, 1),  (1-c-r, 1) 3  .  (1:557) 


„r  ,  Tr  I’d*) 

h  pf<.«*i>  i  •-*>  ■  <-»r  JL  • 

de  If  r(*i> 

•  H  Ca  S  <(1-  ti-p.l)}  ;  (0,1),  {(l-bi-r.l)}! 
p,q+l 

TT  rCbiJ/r^+r) 

-  (-l)r  -£ - pFq(<ai«->  ;<bi+r>  ;-z)  . 

Y  r(«i)/r(*i^) 

dzr  P  q  L  )>  J  L  i(b1+rBi,B1)>  J 


»  (-l)r  H  [z  :  -((l-Si-rAi.Ai)}  ;  (0,1),  {(l-b-j-rB^B^OJ 

p,q+l 

The  hypergeometric  function  examples  above  demonstrate  the 
following  corollary  to  Theorem  2.1: 

*  i^nonT.T  ARY  ?.l:  If  the  conditions  of  Theorem  2.1  are  met  so  that 
one  of  the  equations  (2.51)  or  (2-52)  is  applicable,  then  Theorem 
2.1  can  be  used  repeatedly  to  find  the  r-th  derivative  when  k*l. 

|br  example,  using  (2.51) or  (2.52)  repeatedly: 

,r  m+l,n 

.  — —  H  Cz  :  <(ai,Ai)>  ;  (0,1),  {(b^B*)^ 

dzr  p,q+i 

m+l.n  _ 

=  (-l)r  S  Cz  :  <(ai-rAi,Ai)>  J  (0,1), 

p,q+l 

(2.55) 


-Ll",B  Cz  «<(ai,Ai)>;  <(bi,Bi)>,(0,l)3 
d*r  p,q+i 


(2.56) 


»H  Cz  :  {(ai-rAi,Ai)3”  ? ’{(bi-rBi.Bi)}  *(°*^)3 

p»qti 


CHAPTER  3 

*  CONVERGENCE  OF  MELLIN- BARNES  INTEGRALS 


3.1.  GENERAL  REMARKS 

Convergence  conditions  for  the  general  Me llin- Barnes  integral 
were  proven  in  1936  by  Dixon  and  Ferrar  (6:81  -  96)  and  were  later 
restated  by  Erdelyi  (9:49  -  50).  Luke  (14:v.l)  and  Braaksma  (3: 

239“  3^1)  provide  extensive  theoretical  treatment  of  convergence 
for  the  Mellin-Barnes  subclasses  G-  functions  and  H-  functions, 
respectively.  However,  none  of  the  above  references  gives  any 
straight-forward,  practical,  easily  understood  guidelines  for  when 
a  given  Mellin-Barnes  integral  should  be  evaluated  as  the  sum  of  the 
left  half  plane  (LHP)  residues  versus  the  negative  of  the  sum  of  the 
right  half  plane  (RHP)  residues. 

The  derivation  of  evaluation  guidelines  which  is  presented 
below  has  been  accomplished  with  the  assistance  of  Dr.  Barry  S. 
Eldred  and  Dr.  J.  Wesley  Barnes. 

Lovett  (13)  stated  that  Jordan's  Lemma  is  generally  applicable 
to  the  H-  function,  which  would  allow  the  use  of  the  residue 
theorem  for  all  positive  real  values  of  the  function  variable. 
Lovett's  attempted  proof  of  this  statement,  reproduced  by  Springer 
(21:431-440),  overlooks  the  oscillatory  growth  nature  of  l/P  (x) 
for  negative  values  of  real  x.  Thus,  as  given  below,  the  correct 
development  and  results  are  somewhat  more  complicated  than  Lovett's. 


As  a  particular  example  of  the  flaw  in  Lovett’s  proof, 
consider  the  form  g(s)*P(l-s)  P(s)  P(b+s).  Then,  g(s)  is  a 


valid  H-  function  kernel  and 

lim  g(s)  =  lim  P (b +  s)7T/sin(sTT ) . 

s+oo  s+oo 

This  limit  does  not  exist,  since  sin(sTT)  oscillates  between  -1 
and  +1  and  P(b-fs)  is  unbounded  as  s+oe.  However,  Lovett's 
approach  would  indicate  that  JP(l-b-s)|  has  a  positive  lower 
bound,  so  that  he  has 

lim  g(s)  3  lim  TT2/(sin(s7r)  sin(bTT+  sir)  P(1  -  b- s)) 

S+OO  s+oo 

*0  . 

Lovett's  approach  is  thus  seen  to  be  false  by  the  oscillatory 
growth  nature  of  l/P(l-b-s)  as  s+oo;  that  is,  |P(l-b-s)|  has 
no  positive  lower  bound  (1:255)* 


where  w  is  real  and  all  A^,  Bi,  and  are  positive  real 
constants.  The  path  of  integration  is  a  straight  line  parallel 
to  the  imaginary  axis  with  indentations,  if  necessary,  to  avoid 
the  poles  of  the  integral.  When  the  poles  of  "IT  P(b^-  B^s) 


lie  entirely  to  the  right  of  this  path  of  integration  and  the 
poles  of  TT  PCa^  +  A^s)  lie  entirely  to  the  left,  then  this 
integral  represents  an  H-  function. 

Me  wish  to  derive  the  conditions  for  which  each  of  the 
following  two  relations  are  valid: 

-w  +  ioo  .  /. 

f(z)  *  ~r  /  <•)  ds  =  -  lim  3*-  J  (•)  ds 

2Tri  «/  w_  m  —  C  ,J  1  v 


,  rw+ioo 

/ _ W 


lim  -xir  f  (•)  ds 
N  -►  oo  2lTi  J  ADCBA 


RHP  residues  of  (•);  (3*1) 


w-  ioo 


ds  =  lim 

N  -*• 


- i-  f  (.) 

!tri  J  ABEFA 


*  ^  LHP  residues  of  (•),  (3*2) 

where  the  integrand  (•)  is  that  of  a  Mellin-Barnes  integral  as 
defined  above  and  the  contours  ADCBA  and  ABEFA  are  as  shown  below. 


64 


For  simplification,  the  following  parameters  are  defined: 

P 


n  m  Q 

D  =  II  Ai  +  H  Bj.  -  H 

i=l 

i=l 

n  m  Q  P 

L  *  Re  ()  a^  -  4~n  +  )  bi  -  -§m  -  )  ci  +  -£<2  -  /  +■  ^P) 


Ci  -  2_  Di 

i=l  i=l  i=l  i=l 

n  m  Q  P 

B^ZlAi-ZZBi-IICi+ElDi 

i=l  i=l  i=l  i=l 


i=l 


i=l 


Ai  i// 


i=l 
Q 


i=l 


R  *  IT  Ai  1  TTDi^/C  TTBi^  TTCi  )  >  0 

i=l  i=l  i=l  i=l 

n  Re(ai)-i  ra  Re(bi)-£ 
TTAi  TTB* 

iOH-m-Q-P)  .  i-1 _  i^l _ ^ 

(2TT)  Q  Re(ci)-f  P  Re(di)-£ 

TTCi  "ETDi 

i=l  i=l 

K  =  R|z|  >  0 
6  *  arg(z) 

Let  s  =  u  +  vi,  u  and  v  real,  and  note  that 

lzsl*  lz|u  e_v®  . 

Using  formula  6.145  in  Abramowitz  and  Stegun  (1:257),  for  b 

complex  and  B  positive  real,  and  noting  lim  |ln(b+Bs)|*  lim  Blv| j 

Ivl-froo  |v|-a-eo 

mm — ,  .  ,  Re(b)  t  Bu-| 

=  lim  V2Tr(Blv|) 

|v  |  -t  oo 

•  exp(-ilfBlvl)  . 


lim  |  r  (b  i 

|v|  -too 


Then, 


lim  (•)  =  lira 

|vl  -too  | V |  -too 


f  m  _  Re(bi)-B4U--J- 

Tr-/2lf(Bilv|)  exp(-iTrBi(v|) 

1=1 _ _ _ 

Re(ci)tCiU-f 


-ir./2ir(cilv|) 

^i=i 


exp(-iTfq|v|) 


(next  page) 


V 


n  _ _  + 

~I T  V21T  (A^lvJ)  exp(-iTTAilvl) 

.  4=1 _ , - |ziu  0-ve 

P  _  Re(dj)  -  Di  -  i 
*TrV2?f  (DilvJ)  1  expC-ilTDilvl) 

i=l 

Collecting  similar  terms  and  using  the  parameters  defined  above: 

lim  !(•)!  =  lim  k|vf^'+®u  exp(-£TTDlv|  -  vd)  Ku 

| v|  -4oo  |v  |  400 


where  (•)  is  the  integrand  of  the  Mellin-Barnes  integral  and 

|e|  <TT. 

Since  the  Mellin-Barnes  integral  diverges  for  all  z  when 
D<0  (6:83;  9:50),  hereafter  we  can  restrict  our  attention  to 
non-negative  values  of  D.  Also,  the  branch  point  z  =  0  is  excluded. 
3.2.2.  Right  Half  Plane. 

The  equality 

»w  +  ioo  . 

f(z)  =  —T  I  (•)  ds  =  -  lim  J=T  (  J  (•)  ds 
21fi  J  w-  i OO  N  4  00  ^  ‘'aDCBA 

-D  -C  »B 

-f  (•)  ds  -J  (•)  ds  -/  (•)  ds) 

ADC 

will  reduce  to  equation  (3.1)  if  all  of  the  last  three  integrals 
each  approach  zero  as  N  tends  to  infinity. 

Consider  first  the  integral  over  the  line  AD,  for  which 
s*x-Ni  where  wSxSw+N.  Using  equation  (3*3), 


Um  | /D(e)  dsl  <  lira  /D|(a)|  ds 
N  *  oo  *  A  N  -4  oo  A 


(next  page) 
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w  +  N 

=  lim  f  k  NL+Ex  expC-iTOBN+Ne)  K*  dx 
N  -»oo'J  w 

W  4*  N 

*  k  lim  exp(-|TH»M- N0)  N L  f  (NBK)X  dx 

H  «oe  *  w 


»  k  Kw  lim  expC-irnwn-Ne)  NL +B  W((NBK)N-l)/log(NBlt)) 
N  -*oo 


(3-4) 


Since  we  know  that 


lim  exp(-f!TajN  +  Ne)  NL+Bw  =  4  0  ,  if  e=*£TTB  and  L<-*w 
N  -*>  oo  1 

i  ,  if  e=iti r®  and  L*“Ew 


0  ,  if  0<iTTlD 


lim  ((NBK)N-l)/log(NBK)  * 

N4os 


and  lim  (K  N-l)/log(K)  *  N  , 

K*>  1 


oo,  otherwise 


0  ,  if  E<0 


-l/log(K)  ,  if  E  =  0  and  0<K<1 
oo,  otherwise 


then  (3.4)  will  equal  zero  under  one  of  the  following  conditions: 

(1)  ©>o,  e<o,  0<iir0  . 

(2)  0>O,  E  <0,  0  =  i7riD,  LS-Ew. 

(3)  0>o,  E*0,  0<i*0,  0<  K<  1  . 

(4)  ©>0,  E  =  0,  0»iTT0,  0<  K<  1,  L<0. 

(5)  0iO,  E  =  0,  0<£TT0,  K-l,  L< -1  . 

Next,  consider  the  integral  over  the  line  CB,  for  which 
s  =  x+Ni  where  wixlw  +  N.  Using  equation  (3*3)  again, 
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B  w 

lim  J /  (•)  dsl  i  lim  /  k  NL  +  ®* exp(-ilTDN- N0)  K*  dx 

N  +00  J  C  N  -**o  w+N 

»  k  Kw  lim  exp(-|FON- N6)  ML+®W(1-  (N®  K)N)/log(N® K) 

N  -*oo 

(3-5) 

Using  the  same  analysis  as  applied  to  (3*4),  we  find  that 
(3*5)  will  equal  zero  under  the  same  conditions  as  for  (3.4), 
except  8  >  -^TTD  and  0  *  -^TTE  replace  0  <  £1flD  and  0  =»  4-TTlD, 
respectively.  Therefore,  both  (3*4)  and  (3*5).  and  thus  both 
-D  B 

lim  J  <•)  ds  and  lim  f  (•)  ds,  will  equal  zero  if: 

N  ■+  ott  A  N  00“  C 

CASE  1»  0>O,  E<  0,  |0j<iTTD  . 

CASE  2:  D£0,  E <0,  j6|*iTTD,  L<-Ew  . 

CASE  3:  D>0,  E=0,  |0l<£TTlD,  0<K<1  . 

CASE  4:  ©>0,  E  =  0,  |el*ilTD,  0<K<1,  L<0  . 

CASES:  0*0,  E=  0,  |0|S|1T0,  K  =  1,  L<-1  . 

Additionally,  from  (3*3)»  for  all  cases,  |0|<TT. 

Finally,  consider  the  integral  over  the  line  DC,  for  which 
s=w+N  +  yi  where  -N<y$N.  Using  equation  (3*3)» 

lim  I J  (•)  dsf  £  lim  k|y|  L  +  ®^W+ N^exp(-|1TID  y  -  y0)  KW+Ndy 

N  -*-o©  *  D  N  -hoo*  -N 

Substituting  t*-y  for  -NSy<0  and  t  =  +y  for  O^y^N, 

u.  |/(.)  d.|  <  k  11»  k"*''/  4' 1  dt 

N  -►oo  J  D  N  -*<*>  "  0 

*  k  lim  Kw'*'N  N^r(0)(T*(0,£7f0N  +  0N)  + *(0,iir©N- 0N), 
N  -*  00  (3*6) 


f 
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where  ^  *  L  +  e(w  +  N)  +  l  and  1f*(0,T)*  Cf  $  J7  r^_1  e"r  dr. 

(3.6oont.) 

tf*  is  the  incomplete  gamma  function  given  in  6.5.k  of 
Abramowitz  and  Stegun  (1:260-  261). 

WhenE^O,  (3*6)  is  dominated  by  M^and  thus  diverges  for 
E>0  but  converges  to  zero  for  B<0.  Therefore,  (3.6)  and 


lim  /  (•)  ds  will  equal  zero  and  relation  (3*1)  is  valid  under 

N  -a  oe“  D 

the  Case  1  and  Case  2  conditions  above  for  which  both  (3*^)  and 
(3*5)  equal  zero. 

When  0 > 0  andE*0,  (3*6)  is  dominated  by  KW+^?  and  converges 
to  zero  for  0<K<1,  or,  if  L<*1,  for  K*l.  For  Lj-1  and  K=*l, 
(3*6)  converges  to  a  non-zero  value.  If  D=E*0*O,  (3*6) 
reduces  to 


k  lim  KW+N  tL  dt  ■  lim  KW+ N  NL  +  1  ,  L# -1, 
N  -►oo  **  0  N  -*oo 


which  converges  to  zero  if  0<K<1  or  if  K»1  and  L<-1« 


£ 

Therefore,  (3*6)  and  lim  f*  (•)  ds  will  equal  zero 

N  -►oo  D 


and 


relation  (3*1)  is  valid  under  the  conditions  above  for  Cases  3»  ^ * 
and  5  for  which  both  (3*^)  and  (3*5)  equal  zero. 

Thus  far,  we  have  shown  that  the  Mellin-Barnes  integral  may  be 
evaluated  as  the  negative  of  the  sum  of  the  RHP  residues  for 
Cases  1  through  5  above.  For  these  cases,  the  last  three  integrals 
in  the  first  equation  in  this  section  have  been  shown  to  approach 


*1 

1 


I 


vi 

* 
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zero  as  N  tends  to  infinity. 

3.2.3.  Left  Half  Plane. 

#  The  conditions  for  which  (3*2)  is  valid  can  be  found  in  the 
same  manner  as  those  for  (3*1).  Or,  better,  we  can  note  that 

.  substituting  s  =  -s  into  a  Mellin-Barnes  integral  yields  another 

Mellin-Barnes  integral  for  which  RHP  evaluation  is  equivalent  to 
LHP  evaluation  of  the  original  integral.  This  new  integral  has 
parameters  n  =  m,  m=n,  Q*P,  P*Q,  w=-w,  0*0,  E  =  -E,  L-  L, 

R*l/R,  and  z  =  l/z.  Applying  the  RHP  results  to  these  new 
parameters  and  then  transforming  back  to  the  original  parameters 
will  yield  the  following  conditions  for  which  equation  (3*2)  is 
valid: 

CASE  1:  D>0,  E>0,  I0l<i1fl)  . 

CASE  2:  0>O,  E>0,  let  *iTf©,  LS-Ew  . 

CASE  3:  «D>0,  E*0,  |el<i7T0,  K>1  . 

CASE  ©>0,  E  =  0,  Iel*ilf0,  K>1,  L<0  . 

CASE  5:  0>O,  E*0,  lelifTT©,  K*l,  L<-1  . 

Additionally,  for  all  cases,  1 0 1  < TT • 

Therefore,  the  Mellin-Barnes  integral  may  be  evaluated  as  the 

A  A 

sum  of  the  LHP  residues  for  Cases  1  through  5-  Note  that  when 
D»  0  then  arg(z)  =  0  must  equal  zero.  That  is,  0*0  limits  the 

*  evaluation  of  the  Mellin-Barnes  integral  to  real  positive  values 

♦ 

of  the  function  variable.  This  is  true  also  for  the  RHP  evaluation. 
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3.2.4.  Summary  of  Evaluation  Guidelines. 

Combining  results  for  the  RHP  and  the  LHP,  we  have  the 
following  guidelines  for  evaluating  a  Mellin-Barnes  integral 
f(cz),  where  c  is  a  positive  real  constant: 

If  OO  and  L>-IEv,  f(cz)  may  be  evaluated  for  any  z#0 
such  that  |arg(z)|  <  min(7T,£7fD),  except  at  |z|  =  l/(cR)  whenE“0. 

If  CD^O  and  L<-Ew,  f(cz)  may  be  evaluated  for  any  z#0 
such  that  |arg(z)ji  min(7r,i1TD),  except  at  |  z  |  —  1/ ( cR)  when  E  3  0 
and  L>-1. 

When  f(cz)  may  be  evaluated,  f(cz)=-  )  RHP  residues  when 
E  <0  or  when  £  =  0  and  |z|<l/(cR),  and  f (cz)  =  ?  LHP  residues 
when  E>0  or  when  E=0  and  |z|>l/(cR).  Either  RHP  or  LHP 
residues  may  be  used  to  find  f(cz)  at  |zl®l/(cR)  when  D>0,  E  =  0, 
and  L<-1. 

These  guidelines  may  be  stated  in  terms  of  six  basic 
evaluation  types: 


TYPE1 

p 

E 

L 

f(cz) 

J*J 

|are(z)l 

I 

>0 

<0 

>-E  w 

-5  RHP  res 

>0 

<1r,<iiro 

n 

>0 

<0 

<-Ew 

■)  RHP  res 

>0 

in 

>0 

>0 

>-Ew 

LHP  res 

>0 

<ir,<iiriD 

IV 

>0 

>0 

<-E  w 

LHP  res 

>0 

>0 

-/>  RHP  res 

<l/(cR) 

<n,<  iirc 

V 

>0 

■0 

+XZ  LHP  res 

>l/(oR) 

<ir,<  iiriD 

-V  RHP  res 

<l/(cR) 

<TT,<i1T0 

VI2 

>0 

*  0 

<0 

>l/(cR) 

<ir,<i7Tp 

LHP  res 
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*  :!ote  that  if  ®*0  (Types  II,  IV,  VI),  then  arg(z)=0. 

^  For  Type  VI,  f(cz)  is  defined  at  fzl=l/(cR)  by  the  sum  of 
residues  in  either  half  plane  if  L<-1. 

Due  to  the  treatment  of  E  and  of  the  limiting  value 
|arg(z)|  =  -J-TTID,  none  of  the  evaluation  types  given  above  is 
exactly  equivalent  to  the  convergence  types  given  by  Erdelyi 
(9:50).  The  first  type  of  Erdelyi  is  divided  among  all  six 
types  above,  the  second  is  included  in  Types  II  and  IV,  and  the 
third  and  fourth  are  included  in  Type  VI  with  note  2. 

When  the  Mallin-Barnes  integral  is  expressed  in  terms  of 
the  Mellin  transform  inversion  integral. 


1 

27T1 


I 


a  n 

w  +  ioo  TT  rCbj+Bjs)  T T  J^s) 

1=1  1=1 _ 

Q  P 

w-  loo  TT  r(c±-  (Ls)  “IT  PCdi  +  Djs) 
i=l  i=l 


* 


then,  using  the  same  definitions  given  in  section  3*2.1.  for 
ID,  E,  L,  and  R,  the  evaluation  guidelines  given  above  remain 
valid  with  the  interchange  of  RHP  and  LHP  wherever  these  occur* 
and  +Ew  instead  of  -Ew  in  the  first  four  types.  For  example. 

Type  I  would  become;  ©>0,  E<0,  L)t8w,  ^  LHP  res. 

Overall,  for  all  known  convergence  conditions  except  one, 
a  Mellin- Barnes  integral  can  be  evaluated  by  summation  of  residues. 
The  one  situation  for  which  summation  of  residues  does  not  work 
is  when  ID >0,  E  =  0,  Li-1,  and  |z|*l/(cR).  This  is  not  a  severe 
limitation  since  only  a  circular  arc  of  complex  z  values  and  only 
one  real  z  value  for  Types  V  and  VI  are  involved. 
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3*3*  CONVERGENCE  CONDITIONS  FOR  THE  H-  FUNCTION 

Since  the  H-  function  is  a  Me llin- Barnes  integral,  the 
results  of  section  3*2.  may  be  used  to  determine  convergence 
conditions  and  application  of  the  residue  theorem  for  the 
H-  function.  For  an  H-  function  as  defined  by  form  (2.1),  the 
parameters  of  section  3*2.1.  and  evaluation  types  of  3*2.4  are: 


n  m  p 

D  =  H  %  ♦  H  %  -  ^  Ai  - 
i=l  i=l  i^M-l 

i«M*-l 

i=l  i=l 

Bi 

L  *  Re(  b*  - 

i=l 

$q  -  ai  + 

i=l 

ip) 

p  Ai  q  % 

R  *  TT  A«  a/  U"  B»  . 
i*l  i=l 

T7PE 

D  fj  ^ 

H(cz) 

Izl 

larg(z)l 

I 

>0  <0  >Ew 

+>  LHP  res 

>0 

<Tr,<  £7Tc 

II 

£0  <0  <Ew 

+y  LHP  res 

>0 

<tr,^i7Tc 

III 

>0  >0  >Ev 

RHP  res 

>0 

<ir,<iTTD 

IV 

>0  >0  <Ew 

-?  RHP  res 

>0 

<TT,<iiriD 

V 

>0  *0  >0 

LHP  res 

-)  RHP  res 

<l/(cR) 

>1/ (cR) 

<1r,<iTrD 

VI1 

>0  *  0  <0 

4  LHP  res 

-)  RHP  res 

<l/(cR) 

>l/(cR) 

<^,<i*»TD 

L<-1 

,  may  use  sum  of  either  LHP  or  RHP  res  at 

1*1 »  l/(cR). 

1 


> 


3.4.1.  Exponential  and  Power  Functions  of  Section  2.4.1. 

1  °  i  k/u  */B 

For  H(z)  *  H  [z  :  (b,B)l-  *  B"1  zd/b  e-z  ,  D*B>0 
0  1 

andE*-B<0.  From  section  3*3*»  H(z)  is  a  lype  I  or  Type  II 

and  converges  by  sunning  of  LHP  residues  for  all  positive  real  z 

(and  for  complex  z^O  such  that  |arg(z)|  41  min('TT,-|7rB)) . 

10  , 

For  H(z)  *  H  Cz  :  (a-t-b+1,1)  ;  (b,l)3  *  zb(l -  z)a/T (a  +  1), 
1  1 

0*  E 3  arg(z)  *0,  L*-a-  1  and  R*  1.  If  a>-l,  H(z)  is  a  Type  VI  and 

converges  by  summing  of  LHP  residues  only  for  positive  real  z  < 1 

and,  if  a>0,  for  z*l.  There  are  no  RHP  poles,  so  that  H(z)*0 

for  real  z  >1.  If  a<-l,  H(z)  does  not  converge  for  any  z. 

1  1  . 

Fbr  H(z)  *  H  Cz  :  (b-a+1,1)  ;  (b,l)3  =  I*(a)zb(l + z)“a, 

1  1 

0*2,  E  =  0,  L  *  »  -  1  and  R*  1.  H(z)  is  Type  V  if  aj*;l  and  Type  VI 
if  a<l.  Thus  H(z)  converges  by  sunmdng  of  LHP  residues  for 
positive  real  z<l  (and  complex  z#0  where  |z|<  1  and  |arg(z)|<TT) 
and  bjr  the  negative  of  the  sum  of  RHP  residues  for  real  z>  1  (and 
complex  z  where  |z|  >1  and  |arg(z)|  <7T).  If  a<0,  H(z)  is  not  a 
properly  defined  H-  function,  because  the  LHP  and  RHP  poles  overlap. 

3.4.2.  Cases  of  Section  2.4.2. 


For  H(k*)*H  Ckzi  (a,i),  (b,£)3  »  0*0,  E*  -1  and  L*  a  +  b-  1. 
0  2 

The  contour  parameter  w  must  be  greater  than  -2a,  the  rightmost 
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pole  of  H(kz),  by  definition  of  an  H-  function.  Also,  H(kz)  will 
converge  (Type  H)  only  if  L  5Ew  or,  equivalently,  a  +  b-  1  £-w. 
That  is, 

-2a  <w  £  -  a  -  b  +  1  . 

If  a+l>b,  such  a  w  can  be  found.  Then,  H(kz)  will  converge  by 
sunning  of  LHP  residues  for  all  positive  real  kz.  Therefore, 
when  a+l>b,  the  H- functions  representing  sin(z),  cos(z)  and 
Jv(z),  having  converge  by  sunning  of  LHP  residues  for  all 

positive  real  z.  But,  the  H-  functions  for  sinh(z)  and  cosh(z) 
have  k  =  -Ji  and  converge  only  for  negative  pure  imaginary  z,  not 
for  any  real  z. 

Next,  consider  those  H-  functions  representing  the  inverse 
functions  of  sin,  tan,  sinh  and  tanh,  with  form 
1  2 

H(kz)  =  H  Ckz  :  (a,£),( b,i)  ;  (c,£), (d,£)3  , 

2  2 

where  10=  1,  E  =  0,  L-  c  +  d-  a-b,  and  R  =  1.  H(kz)  is  Type  V  if  LiO 
and  Type  VI  if  L<0. 

For  the  arctan(z)  H- function,  L  =  -l  and  k*l  so  that  this 
H(kz)  is  Type  VI  and  converges  by  sunning  of  LHP  residues  when 
0  <  Izf  <  1  and  |arg(z)|<iTT  and  by  the  negative  of  the  sum  of  RHP 
residues  when  f z | >  1  and  |arg(z)f  1  itT.  Thus,  this  H(kz)  converges 
for  all  positive  real  z#l. 

With  L*-1.5  and  k*l,  the  arcsinh(z)  H-  function  is  Type  VI 
and  converges  by  summing  of  LHP  residues  when  0<jzl£l  and 
|arg(z)li  iTTand  by  the  negative  of  the  sum  of  RHP  residues  when 


75 


|zl  >1  and  |arg(z)|  ^ -f-TT. 

For  the  arcsin(z)  H-  function,  L=  -1.5  and  k  =  i.  This  H(ka) 
is  Type  VI  and  converges  with  the  sum  of  LHP  residues  for  0<|zl^  1 
and  -7T  ^  arg(z)So  and  with  the  negative  of  the  sum  of  RHP 
residues  for  Izf  i  1  and  -lr£  arg(z)  —  0.  Thus,  this  H(kz)  converges 
for  real  z  4 0 . 

The  arctanh(z)  H- function  has  L  =  0  and  k  =  i.  This  H(kz)  is 
Type  V  and  converges  with  the  sum  of  LHP  residues  for  0<  lzl<l 
and  -7T<arg(z)<0  and  with  the  negative  of  the  sum  of  RHP  residues 
for  |zl  >1  and  -7T<  arg(z)<  0.  Thus,  this  H(kz)  does  not  converge 
using  summation  of  residues  for  any  real  z. 

3*4. 3«  Logarithmic  Function  of  Section  2.4.3. 

1  2 

H(z)  =  H  Cz  j  (1,1), (1,1)  ;  (1,1), (0,1)3  *log(l  +  z)  ; 

2  2 

0*2,  E*0,  L*-l  and  R*  1.  H(z)  is  Type  V  and  converges  with  the 
sum  of  LHP  residues  for  0 <  | z I  <  1  and  |arg(z)|  <1T,  and  with  the 
negative  of  the  sum  of  RHP  residues  for  |zl>l  and  |arg(z)(<1T. 
Thus,  H(z)  converges  for  all  positive  real  z ^  1. 

3.4.4.  Bessel  Functions  of  Section  2.4.4. 

Jv(z)  has  been  considered  in  the  first  paragraph  of 

Kv(z)  has  0*1  and  E=-l,  is  Type  I  or  II,  and  converges  by  summing 
of  LHP  residues  for  all  positive  real  z  (and  for  complex  zj*0  such 
that  |arg(z)|  <  iTf).  Y^z)  has  0*0  andE*L*-l  and  will  converge 
(Type  II)  only  if  w£l.  Since  the  rightmost  pole  of  Yv(z)  is  v, 
a  valid  w  exists  only  if  v<l.  Thus,  Yv(z)  converges  by  summing  of 
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LHP  residues  only  if  v<l  and  then  only  for  positive  real  z. 

For  Jy(z),  1  -  u,  E  =  -  u  -  1  and  L  =  -  v  -  1  .  Since  ID  must 
be  non-negative  for  convergence  and  u  must  be  positive,  then, for 
0<u£l,  Jy(z)  as  an  H-  function  is  Type  I  (u<l  and  v<-l)  or 
Type  H  (v>-l)  and  converges  by  summing  of  LHP  residues  for  all 
positive  real  z  (and  complex  z#0  such  that  |arg(z)| <  -|tr(l-u)< ^Tf) . 
3«4. 5«  Confluent  Hypergeometric  Function  of  Section  2.4.5. 

ID-  1  and  E*-l,  so  that  the  H-  function  representing 
M(a,bj-z)  is  Type  I  or  II  and  converges  by  summing  of  LHP  residues 
for  all  positive  real  z  (and  complex  z#0  such  that  |arg(z)| 

3.^.6.  Hypergeometric  Function  of  Section  2.4.6. 

JD=2,  E=  0,  R*l,  and  L=  a+b-c-1.  This  H- function  is  Type  V 
or  VI  and  converges  by  summing  of  LHP  residues  for  0< lzl<  1  and 
(arg(z)| <7T  and  by  the  nogative  of  the  sum  of  RHP  residues  for 
|z|>l  and  |arg(z)l<1T.  If  a  +  b<c,  then  L<-1  and  this  H-  function 
converges  for  fzl  *  1  and  /arg(z)|<TT,  using  either  LHP  or  RHP 
residues. 

3«h.7*  Generalized  Hyp®rge°™e^ic  Function  of  Section  2.4.7. 

The  H-  function  that  represents  pFq  when  p£q+l  will  converge 
only  if  ©=*  p  +  1  -  q£0,  that  is,  if  p£q-i.  Thus,  this  H-  function 
really  represents  pFq  only  when  p  is  q-  1,  q  or  q + 1,  a  fact  that 
has  not  been  noted  by  those  who  have  shown  pFq  as  an  H-  function 
(4:40;  7:101;  18:11,159;  21:197-  198)  or  as  a  G- function  (14:  143- 
147;  16:61).  Since  E=p-q-  1,  this  H- function  is  type  V  or  V I 
if  paq+l  and  is  type  I  or  II  if  p  <q  +  1 . 


3.4.8.  Meijer’s  G-  function  of  Section  2.4.8. 

Because  all  A^,  i=l,...,p,  and  Bj_,  i=l,  ...,q,  are  equal  to 
one,  0*n  +  m-(p-n)-(q-m)*2n  +  2m-p-q,  E  3  p  -  q  and  R  3  1 . 

Using  these  values  for  E,  E  and  R,  the  six  convergence  types  of 
section  3*3*  agree  with  known  convergence  conditions  given  by 
Luke,  where  D*  2 S  and  L*  Re(v)  -  iq  +  -§p  (14:144). 

3.4.9.  Comment 

In  the  above  sections,  the  H-  functions  representing  sinh(z), 
cosh(z)  and  arctanh(z)  have  been  found  not  to  converge  for  real 
values  of  z.  Also,  the  H-  function  for  the  Bessel  function  Y^z) 
does  not  converge  for  v£l  and  tuat  for  the  generalized  hyper¬ 
geometric  function  pFq  does  not  converge  for  p<q-  1.  These  items 
have  not  been  noted  in  the  literature. 

Throughout  the  literature  on  G-  and  H-  functions,  there  are 
a  number  of  important  errors  and  omissions.  Quite  often  such 
errors  or  omissions  are  due  to  failure  to  check  that  convergence 
conditions  are  met.  In  order  to  avoid  using  invalid  H-  functions 
or  relations  or  arriving  at  invalid  or  improperly  restricted 
results,  convergence  is  verified  and  discussed  throughout  this 
dissertation.  Fbr  example,  derivatives  and  Laplace  transforms 
of  H-  functions  are  used  often;  therefore,  the  next  sections  will 
treat  convergence  of  both. 
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3*5*  CONVERGENCE  OF  THE  LAPLACE  TRANSFORM  OF  AM  H-  FUNCTION 

The  following  theorem  is  of  utmost  importance  to  finding  the 

* 

probablity  density  function  of  the  sum  of  two  or  more  H-  function 
variates.  Application  of  Theorem  1.5  depends  on  existence, 
meaning  convergence,  of  the  Laplace  transform. 

Theorem  3.1s  Given  that  an  H-  function  H(ea),  c  a  positive  real 
constant,  converges  using  the  sum  of  LHP  or  RHP  residues  for  some 
positive  real  values  of  z,  then  the  Laplace  transform  of  H(cz), 
I*<H(  cz  ^converges  using  the  sum  of  LHP  or  RHP  residues  for  all 
complex  r#0  such  that  |arg(r)|< £7T,  except  at  fr|  =  cR  when 
Li-1.5  and  *«-l. 

From  property  (2.12), 

n+l,m 

Lr<H(cz)>  *  c'1  H  [ V/c  s  {(1  -  bj. -  B^)}  { 

q.p+i 

(0»1)«  *C(1“  Ai»Ai))‘3  * 

If  D,  E,  L  and  R  are  the  convergence  parameters  for  H(cz)  as 
defined  in  section  3*3«  and  Dp  »  Ep  ,  Lp  ,  and  Rip  are  the 
corresponding  parameters  for  Lr<H(  cz))-  ,  then  the  following 
relations  are  immediately  found: 

*  Dp  ■  D+  1  ,  Bp*  —  E— 1,  Lp  *  L-E-  i  »  R  p  *  R  ^  • 

First,  if  H(cz)  is  Type  HI,  TV,  V,  or  VI,  or  if  H(cz)  is 
Type  I  or  II  withE>-l,  then  we  know  that  0>O  and  E>-1.  This 
«  means  that  Dpi  1  and  Ep>0.  By  section  3*3»»  Lj.^H(cz)}is 

Type  I  or  H  and  converges  using  the  sum  of  LHP  residues  for  all 


r#0  such  that  (arg(r) j <  "J-TTID <p  •  Since  Dp>l,  the  convergence 
region  includes  |arg(r)|<  . 

Second,  if  H(cz)  is  Type  I  or  II  withE<-l,  then  (Dpil  and 
Ep>0.  In  this  case,  Lj.-{  H(cz)  J  is  Type  HI  or  IV  and  converges 
using  the  negative  of  the  sun  of  RHP  residues  for  all  r^O  such 
that  |arg(r)J  <  ,  which  includes  the  region  |arg(r)|<  £TT. 

Third,  if  H(cz)  is  Type  I  or  H  withE  =  -l,  thenffip>l  and 
Ep=0.  Thus,  referring  again  to  section  3.3.,  Lr-CH(  cz  »  is 
Type  V  or  VI  and  converges  using  the  sum  of  LHP  residues  for  r#0 
such  that  |arg(r)|  <  ^IfDp  and  |rJ<l/(Rp/c)  «  SR  ,  and  using  the 
negative  of  the  sum  of  RHP  residues  for  r  such  that  |arg(r)|  < 
and  I r | >  o  R  •  Again,  |arg(r  )|<  iTT©T  includes  the  region 
larg(r)/  <  J7T,  since  ffipil.  Lj.  '{H(cz)J converges  using  LHP  or  RHP 
residues  for  |r|=*cR  and  |arg(r){ <  fIT  only  when  Lp<-1  or, 
equivalently,  L<-1«5* 

The  primary  method  used  in  this  work  to  numerically  evaluate 
the  inverse  Laplace  transform  of  the  product  of  Laplace  transforms 
of  H-  functions  requires  finding  the  Laplace  transform  values  at 
r=a+kbi  for  k  =  0,l,2,....  Theorem  3»1  guarantees  that,  for 
some  value  a>0,  these  Laplace  transform  values  will  all  be 
calculable  using  residues.  For  example,  a  can  be  chosen  to  be 
greater  than  the  largest  value  of  cR  for  any  of  the  H-  functions 
for  which  E*-l  and  Li-1. 5*  Then,  the  Laplace  transform  values 
of  all  of  the  H- functions  can  be  calculated  at  r  *  a  +  k  b  i,  k*0, 
1,2,...,  using  residues,  since  |arg(a +kb  i)| <  for  a>0. 
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3.6.  CONVERGENCE  OF  DERIVATIVES  OF  AN  H-  FUNCTION 

By  property  (2.15),  the  r-th  derivative  of  H(z)  is  given  by: 

.  .  m,n+l 

H'r'(z)  *  H  lz  :  (-r.l^-CCai-rA^Ai)}  ;  {(bi-rB^Bi))-, (0, 1)3. 

P+M+l 

From  section  3*3.,  if  0,  E,  L,  and  R  are  the  convergence 

/r\ 

parameters  for  H(z),  then  the  corresponding  parameters  for  H'  '(z), 
0*,  IE’,  L’,  and  R',  are  seen  to  be  related  as  follows: 

0*  >0  ,  IE'  =  E  ,  L*  »L  +  r(E+i)  ,  and  R*  *R  . 

If  D>0,  then  D*  >0  and  H^r^(z)  will  be  one  of  the  six 
convergence  types  of  section  3* 3* 

However,  if  D=D' *0,  then  L*  must  be  <E’w’  when  E’  #0  and 
L'  must  be  <0  when  E' *  0  in  order  that  H^(z)  converge  (Type  H, 
IV,  or  VI).  That  is, 

L  +  r(E+l)  =  L'iE'w’  =  E(w+r)  or  L<Ew-r  ,  whenE#0; 
and  Ltr  =  L’<  0  or  L<-r,  when  E=0  . 

In  summary,  H^(z)  converges  when  H(z)  convergence  parameters 
meet  one  of  the  following  conditions: 

CASE  A:  0>O. 

CASE  B:  0*0,  E^0,  and  L^Ew-r. 

CASE  C:  B*E*0,  and  L<-r. 

From  section  3. 5.,  the  Laplace  transform  of  an  H-  function  is 
an  H-  function  with  D£l,  and,  by  CASE  A  above,  Li.^^*£^H(cz  » 
converges  for  all  non-negative  integer  t.  Moreover,  since  the 
Laplace  transform  has  a  (b^,Bi)  term  equal  to  (0,1),  Corollary  2.1 
and  equation  (2.55)  are  applicable,  giving  the  following  theorem: 
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THEOREM  3.2:  The  Laplace  transform  of  an  H-  function  may  be 
differentiated  any  number  of  times  using  equation  (2.55)  and  all 
of  its  derivatives  are  convergent  H-  functions  of  the  same  order, 
or  less,  as  the  Laplace  transform. 

3-7.  IMPROVED  TRANSFORM  AND  DERIVATIVE  FORMULAS 

The  right  side  of  equations  (2.12)  through  (2.15)  with  k*r*l 
does  not  give  a  valid  H-  function  when  any  of  the  values  -b^/B^  is 
not  less  than  one,  i*  l,...,m,  and  bj_  real.  This  is  because  one  or 
more  of  the  poles  associated  with  the  (b^jB^)  overlap  one  or  more" 
of  the  poles  associated  with  the  new  (-1,1)  or  (0,1)  term  in  the 
numerator,  and  no  contour  exists  to  properly  separate  the  poles. 

However,  the  Laplace  and  Fourier  transforms  and  derivatives 
of  an  H-  function  are  still  able  to  be  represented  as  valid 
H-  functions.  Simple  modifications  in  the  developments  of  these 
formulas  can  correct  the  problem. 

For  example,  in  the  development  of  the  Laplace  transform  of 
an  H-  function,  the  order  of  integrations  is  reversed  and  per¬ 
forming  the  inside  integration  introduces  the  term  r*(l-s). 

If  -bj/i^il  for  any  i,  i*l,...,m,  then  the  poles  of  PO^  +  B^s) 
overlap  those  of  P(l-  s).  This  overlap  can  be  eliminated  by 
replacing  X’(l-s)  by  the  equivalent  expression 
(-1)1  r(i-  s  +  i)  r(s-i)  /  r(s  +  i)  , 

where  I  =  maximuin  (  0  ,  largest  integer  less  than  -bj/Bi  )•  (3*7) 
i  S  1)  •  •  •  ,  m 

How,  no  poles  of  and  P(s-I)  are  greater  than  or 


i 


vv 
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equal  to  any  of  the  poles  of  r(I-s  +  l)  and  P(l-aj-AjS), 
i=l,...,m  and  j  =  l,...,n.  The  Laplace  transform  equation  (2.12) 
and,  by  the  same  argument,  the  Fourier  transform  equation  (2.13) 
are  thereby  changed  to: 

/.si  n+l,w-l 

L_{H(cz)>  *  H  Cr/c  :  (1,1),  {(1- \ - B1,Bi)>  ; 

q+l,pf2 

“  ai “  A^,A^)^  ,  (0, 1)3  , 

(3.8) 


/  i>I  n+l,«fl 

and,  Ft<H(cz)>  =  H  C—  s  (1,1),  {(1  -  ^  -  Bi,^)}  ; 

q+i,p+2  c 

(l*1)*^1"  ai“  Ai»Ai)3-  ,(0,1)3  i 

(3-9) 

where  I  is  given  by  (3*7). 

In  the  development  of  the  formula  for  the  derivative  of  an 
H-  function,  the  order  of  differentiation  and  integration  is 
reversed  and  performing  the  differentiation  introduces  the  term 
( — s  )  into  the  integrand.  Equation  (2.15)  is  obtained  by 
replacing  (  -  s)  by  the  equivalent  form  I*(  1-  s)/r*(-s).  When 
-bi/Bi^  1  *  smallest  pole  of  37(1- s),  use  instead  the  equivalent 
form  -  s  *  -  r(l  +  s)/r(s).  Since  the  largest  pole  of  r(bi  +  Bjs) 
is  at  least  one  and  all  poles  of  P(l  +  s)  are  smaller,  there  is  no 
overlap  of  poles  of  P(l-a^»A^s)  with  those  of  P(l  +  s).  Thus, 
the  derivative  formula  (2,15)  should  be  stated  as  two  distinct 
cases,  dependent  on  preserving  the  existence  of  a  contour  that 
properly  separates  the  poles: 


\ 


! 
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H(r)(z)  =  *< 


m,nrl 

H  Zz  :  (-r,l),  {Ui-  rk^tA^yy  ; 

P+l,q+l 

<(bd -?%,%)>,  (0,1)  3, 

if  1*0; 

m+l,n 

-  H  Zz  t  <(ai-rAi,Ai)>  ,(-r,i)  ; 

p-t-i.q+i 

(0,1),  -CCbi-rBi.E^M, 


if  I>0, 


or,  alternatively, 


(3-10) 


/_ \  T  m+l,n+l 

H'  '(z)  =  (-1)1  H  Zz  :  (-I-r,l),  ’C(ai-rAi,Ai)}  ,(-r*i)  5 

pt2,q+2 

(-I-r,i),  <(bl-rBl,Bl)>  ,(0,1)3  , 

where  I  is  defined  by  (3*7) •  (3*H) 

Note  that  when  1*0,  by  property  (2.9),  equations  (3*8),  (3*9), 
and  (3-11)  reduce  to  the  earlier  formulas,  respectively,  (2.12), 
2.13),  and  (2.15).  Moreover,  the  H-  functions  for  the  Laplace 
transform,  Fourier  transform,  and  derivative,  as  given  by  these 
improved  formulas,  have  convergence  parameters  that  are  identical 
to  those  given  by  the  earlier  formulas.  Therefore,  the  results 
of  sections  3*5 •  and  3*6.  are  unchanged,  except  that  Theorem  3*2 
should  indicate  that  differentiation  of  the  Laplace  transform 
is  done  using  (2.56)  when  I>0.  A 


CHAPTER  4 


THE  H-  FUNCTION  DISTRIBUTION 


4.1.  DEflNHlQN 

Consider  a  random  variable  I  with  probability  density  function 
given  by 

{K»H(ax)  ,  cx  ES 
0  ,  otherwise 

where  H(cx)  represents  an  H-  function  as  defined  in  section  2.2., 

I  and  c  are  real  constants  such  that 

fx(x)  dx  *  1  , 

and  S  is  a  subset  of  the  positive  real  values  z  for  which  H(z) 
is  convergent.  The  random  variable  X  will  then  be  called  an 
H-  function  variate  or  a  random  variable  with  an  H-  function 
distribution  (4;4l;  7:103;  21:200). 

4.2.  KM  SPECIAL  -SASES 

Carter  (4:44-  50;  21:202-  206)  and  Eldred  (7:103-  108;  21:206) 
demonstrated  that  twelve  of  the  classical  non-negative  probability 
distributions  are  H-  function  distributions.  The  standard  form  and 
the  H-  function  form  of  the  probability  density  functions  for  each 
of  these  distributions  are  given  below: 


84 


85 


r  - 

l _ 


Gamma  Distribution: 

f(x)»  x®"1  e"*/0/0e  r(e) 

1  0 


(0  r(e))"1  h  c*/0  *  (®-  i,D3 ,  *>o,  e,0>o. 
o  1 


(4.1) 


Exponential  Distribution  (Gamma  distribution  with  0*1): 
f(x)  *  0-1  e“x/0 


1  0 


“  0”1  H  Cx/0  :  (0,1)3,  x>0,  0>O. 
0  1 


(4.2) 


Chi-Square  Distribution  (Gamma  distribution  with  0=2  and  0=$©): 


f(x)  =  x^"  1  e"^c/(2^  T(i0)) 


.-1 


1  0 


=  (2  r(*0))  H  Ztx  :  (|0-  1,1)3  , 
0  1 


x>0,  0=  integer >0. 
Weibull  Distribution: 

J-  1  -ex* 


(4.3) 


f(x)  =  8  ^  r  ‘  e' 
1  0 

I 

0  1 


e1^  h  c  e1^  X  *  (i-  0"1,0"1)3  ,  *>0,  e,0>o. 
o  1 

(4.4) 

Rayleigh  Distribution  (Weibull  distribution  with  0*2): 


f(x)  =  2  0  x  e' 


■0  x 


4  10a 

0  H  [8!x:  (i,i)3  ,  x>0,  0>O. 
0  1 


(4.5) 
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Maxwell  Distribution: 


f(x)  =  4  d~^7T~^  x2  «"X 


2«Vh  Cx/e  :  (1,£)3  ,  X>0,  6>0. 

0  1 

(4.6) 


Half-  Normal  Distribution: 


f(x)  *  2  e"1(2tr)“^  e"x  ^2e 

»  e"1(2ir)"^  h  Ce"1  2“^  x  :  (o,£)J  ,  x>o,  e>o. 
0  1 

(4.7) 


Beta  Distribution: 


r  *e-  4(i 

\o  #  Xi 


,  0<x<l,  9,*>0 


<0  or  x>l 


H  *  \x  :  (0  +  0-  1,1)  ;  (0-  1,1)3  , 

0<x<l 


0  ,  x>l 


Half  -  Cauchy  Distribution: 


(4.8) 


f(x)  *  2  eir"l(e2  +  x2)"1 

*  (eir)"1  h  lx/9  :  (o,i)  ;  (o,i)3,  *>Qt  0>°- 
1  1 

(4.9) 


Half -Student  Distribution: 

f (x)  =  2  k  r(e  +  £)  (i  +  (x2/2G)f(e+^ 

1  1 

*  k  H  Cx/V2©  :  (£-©,|)  ;  (0,1)3 

1  1 

where  k  =  i/(i/2§5rr(e)),x>o,  e>o. 


F-  Distribution: 


f(x) 


e1  ©!-i 

«1  r(©i  +  ©2)  X 


(4.10) 


•2®1  r(e!)  p(©2)  (n-eix^)®1*02 
Qj6z  1  1 

.  ..  ■  -r-  H  Ce^/02  :  (-©2,1)  ;  (0rl,l)3 

rtei)  r(©2T  1  1 


x>0,  ©1,©2>0. 


(4.11) 


General  Rypergeometric  Distribution: 

f(x)  *  d  ac/d  r(b)  k  xc’  1  M(b,r,-axd)/P  (r) 


a1^  k  H  1  1 C  a1/<dx:  (1-  b+  (c-  l)/d,l/d)  ; 
1  2 


((c- l)/d, l/d), (1  -  r  +  (c-  l)/d,l/d)3  , 
where  k  =  P(r-  e/d)/(P(c/d)  P(b-c/d)),  x>0. 


V. 
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4 


*  4.3* 


S  OF  SPECIAL  GASES 


4.3.1.  The  gamma,  exponential,  chi-square,  Weibull,  Rayleigh, 
Maxwell,  and  half-normal  distributions  are  all  of  the  form: 

1  0 

f(x)  *  k  H  Hex  :  (b,B)3  . 

0  1 


Using  the  results  of  section  f(x)  is  Type  I  or  H  and 

converges  using  the  sum  of  LHP  residues  for  all  positive  real  x. 

4.3.2.  Beta  distribution. 

1  0 

f(x)  =  k  H  Cx  :  (a  +  b  +  1,1)  ;  (b,l)3  , 

1  1 

where  a -4-1  and  b*0-l.  Using  the  results  of  section  3*^.1.» 
f(x)  is  Type  VI  if  a>-l,or  0>Q.  Then  f(x)  converges  using  the  sum 
of  LHP  residues  for  positive  real  x<l  and,  if  0>1,  for  x  =  1 . 

There  is  no  restriction  on  9,  and,  f(x)*0  for  real  x>l.  These 
results  agree  with  known  characteristics  of  the  beta  distribution. 

4.3.3.  Half  -  Cauchy  distribution. 

1  1  1 

f(x)  *  (9TT)"1  H  Cx/9  :  (0,f)  ;  (0,*)} 

1  1 


Using  the  convergence  parameters  defined  in  section  30* » 

B*  1,  B*0,  L*0,  and  R»l.  Thus  f(x)  is  Type  V  and  converges  using 
the  sura  of  LHP  residues  for  0<x<9  and  using  the  negative  of  the 
sum  of  RHP  residues  for  x>9.  Most  important,  f(x)  does  not 
converge  using  residues  for  x  =  9,  since  L>-1. 
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4.3*4.  Half  -  Student  distribution. 

1  1 

f(x)  *  k  H  Cx/V29  :  ;  (o,£)3,  e>0. 

1  1 

D=l»  E®0,  L  =  0 -  f  and  R*l.  Since  8>0,  L>-1  and  f(x)  does  not 
converge  using  residues  for  x  =  V26*  But,  f(x)  converges  using  the 
sum  of  LHP  residues  for  0<  x<V2@  and  using  the  negative  of  the  sum 
of  RHP  residues  for  x>V5e,  being  a  Type  V  or  VI. 

4.3*5*  F-  distribution. 

1  1 

f(x)  »  k  h  Cei*/e2  :  (-e2,i)  5  (ei-i,i)3,  e1,e2>o. 
ii 

D*2,  E=  0,  L=©i  +  02-  1>-1,  R*l.  Like  the  Half  -  Student,  f(x) 
is  Type  V  or  VI  and  does  not  converge  using  residues  for  x®  02/©i. 
But,  f(x)  converges  using  the  sum  of  LHP  residues  for  0 <x<02/0^ 
and  using  the  negative  of  the  sum  of  RHP  residues  for  x>e2/e1. 
4.3,6.  General  hypei" geometric  distribution. 

For  the  H-  function  in  formula  (4.12),  the  convergence 
parameters  of  section  3*3*  are  D=  l/d  and  E*-l/d<0.  Thus,  f(x) 
is  Type  I  or  H  and  converges  using  the  sum  of  LHP  residues  for 
all  positive  real  x. 

All  twelve  of  these  classical  distributions  have  probability 
density  functions  that  can  be  expressed  as  H-  functions  that  are 
validly  defined  with  properly  separated  poles  for  all  given  ranges 
of  the  parameters,  ^or  a  well-defined  H-  function,  the  condition 
a,  b,  d>0  must  be  added  for  the  general  hypergeometric  distribution. 


90 


TRANSFORMATIONS  OF  H-  FUNCTION  VACATES 
Carter  (4:52-  65)  proved  that  the  oroduct  of  independent 
H-  'unction  "='-Jates  has  an  H-  function  distribution,  that  the 
quotient  o'  two  independent  H-  'unction  variates  has  an  H-  ^unction 
distribution,  and  that  the  rational  power  o'  an  H-  function  variate 
has  an  H-  function  distribution.  These  theorems  make  the  H-  func¬ 
tion  distribution  a  very  powerful  tool  for  analyzing  probability 
density  'unctions  of  algebraic  combinations  of  independent  random 
variables,  because  none  of  the  classical  distributions  has  all  o' 
these  closure  properties.  The  theorems  du®  to  Carter  are  stated 
below  (4:5?- 6f;  21 :?C8  -  ^17) . 


THEOREM  4,1;  Distribution  of  Products.  If  X^Xg*  •  •  •»%  are 
independent  H-  'unction  variates  with  probability  density  functions 
fj(x^),f2(x2),  • .  .jf^Cxjj),  respectively,  where,  'or  j  =  l,...,N,  Xj>0 


and 


fj(Xj)  =  kj  H  '  :  <(aij»Aii)>  5  <(bijtBi;5)>3, 


p.i’qj 


then  the  probability  density  function  of  Y-  11  X«  is  riven  by 

j=l  J 


2L_  *  2_Z  "7 

N  J-l  J  J-l  „  N 

fv(y )»Cir  ki)  H  C  (TT  cO  y  : 

Y  j-l  J  N  N  j-l  J 


2_  Pj  ,  Z_  q,i 

j=i  J=i 


^(aij » At  j)  J  ,i  *  !*•••,  nj,j  —  1,  ...,N,  j » At  j )  J  ,  i  =  nj+l, 

•  •  *»Pj»  i  *  1,  •  •  *,N  !  {  j)}  «i  =  1*  •  j  *  1>  •••*N, 

,i -m^+1, 1 . N  ]  ,  h0r  y>0. 
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THEOREM  4.2:  Distribution  of  a  Quotient.  If  X^  and  X2  are 
independent  H-  function  variates  •••ith  probability  density  functions 
f i  (x» )  ar.d  f2(*2),  rpspect.ivelvf  -here,  for  j  =  1,2,  Xj>0  and 

f-j(xi)  =  kj  H  j  j  C  cjXj  :  <(ai;5,Ai^)>  ; 

J  J  pj.qj  J 

then  the  orobability  density  function  of  Y=X^/Xp  is  yiven  by 

„  n1+n2,n1+m2 

fy(y)  =  (k1k2/c2  )  H  £(05^/02)  y  : 

Pi^t^i+pa 

"f (ail,Ail)^‘  »i  =  i***-*0!!  {(1- bi2"  2Bi2»Bi2^  *i=  l****»m2» 

•{(aij,A^i)}-  ,i  =  nj+1, . . .  ,P},-C(l-b.^2-?E.^2,B^2)}',  i  =  m24’^»  *  *  *>q2  » 
-((b^.Bj^)}-  ,i=  1, *£(1-  ai2"  2Ai2’Ai2^  ,i  *  1>  •••»n2* 
-C(b^  ^,B^)  }■  ,i  55  m^+1,  •  •  •»<lit,C(l~a^2~2Ai2*Ai2)3’»i  ~  n2+1»  • • • • P2  3 
‘'or  y>0. 


THEOREM  U.3:  Distribution  a  Rational  Pover.  If  X  is  an  H-  function 
variate  vith  orobability  density  function 

m  n 

fx(x)  =  k  H  C  cx  :  <(ai,A1)>  ;  -CCbi.Bi)^,  x>0, 

p  q 

then  the  probability  density  function  of  Y=XP,  for  P  rational,  is 
piven  by 

fy(y)  *  k  cP_  1  H  CcP  y  :  {(a*  -  f^P  +  A*,  kyt)y  5 
p  q 

<(bi-  RiP  +  Bi.BjP)}*],  P>0; 


n  m 


and,  fy(y)  =  k  cP"  1  H  C cP  y  :■£(!- bi  +  B^P  -  Bi,-BiP)^  ; 

q  p 

{(l-a^P-Ai.-AiP)}],  P<0. 
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Notir.r  that  Xi  /Xp  =  ,  then  Theorems  4.1,  4.2  and  4.3 
can  he  co^'-ined  into  the  following  theorem. 

*  THEOREM  4.4:  If  ,X2» • • • *Xy,Xu+^, . . . ,Xy  are  independent  random 
variables  vith  probability  density  functions  fj(xj),  j  =  l,2,...,V, 
respectively,  --here  Xj>0  and 


fj(xj)  =  kj  H  "  ^CcjX.  :<K,,Ai1)>  ;  {(b^B^)}] , 

pj’qj 

and  if  Pj  are  positive  rational  numbers  for  j=l,...,U  and  are 
negative  rational  numbers  for  j  =  U-t- 1, . . . , V,  then  the  probability 
density  function  of  the  random  variable  Y,  where 

V  Pj 

Y  =  TTL 

j-l 

is  ^ive.n  by  P  V  P  V 

7Z  ni  +  2Z  ni  *  ZI  Hi  h  JZ  mj 

V  p  j-l  J  j=P+l  j-l  j-0+1 

fy(y)  -  or  kjCj  j  >  H  n 

1  jsi  J  J  u  V  P  V 

2Z  p  j  +  H  q  j  ,  H  q  j  *  2Z  p  j 
j-l  j=P+l  j-l  j-D+l 

_  V  p 

L ( ll  Oj  J)y  :  (a^ ^-Aj ipj+Aij»Ai -jPj)  »i-l» • j=l» •• *»P» 
j=1 

( 1-b^  ■;  jP  j*  it**  ^Pj  )  *  J“Ptl ,  • . . ,  V, 

(a±j-Ai jPjt-Ai  ^,Ai j)  ,i=rij+l, .  •  *»Pj»  j=l» 

( 1-b^ iP-j-%  jP  j )  ,i=tnj+-l, . .  .,qj ,  j=P+l, . . . ,V; 

(b^  j* B»  -jP ■; tB^  - » fP 0  ,i~l*  •••> mj ,j— 1,  ...,L, 

( 1-a^ ihA<  -iPj~A^j*“A^jP-)  i i=  !»•••! nj,  j=0+l, . . . , V, 
(b^ j-Bj  ^Pj+B^ j ,  -iP  ■, )  ,  l=mj+l»  •  •  •  *B,i ’  j=l>  •  •  •  »P* 

( 1-a^j+A^ iPj-A^ j,-A^  -Pj )  j i=nj+l, . . . ,pj , j=U+l, • • • « v]  , 


for  y>0. 


V. 
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Theorem  4.4  has  been  programmed  as  part  of  the  computer  proeram 
of  Appendix  B  to  implement  the  practical  technique  of  section  4.5. 
Hereafter,  Theorems  4.1  through  4.4  will  be  used  extensively.  Carter 
(4,5),  Eldred  (?),  and  Sprineer  (21)  provide  many  examples  of  usape 
of  these  theorems.  In  particular,  Carter  (4:57“  65)  derives  the 
chi-square  distribution  of  the  square  of  a  standard  half-normal 
variate  with  Theorem  4.3  and  the  half-Cauchy  distribution  of  the 
quotient  of  two  independent  half-normal  variates  with  Theorem  4.2. 
Eldred  (7:107-108)  and  Soringer  (21:207)  indicate  the  use  of  Theorems 
4.2  and  4.3  to  derive  both  the  half-Student  and  F  distributions .  The 
following  examples  also  demonstrate  the  straight-forward,  simple 
application  of  these  theorems. 

Applying  Theorem  4.1  (or  Theorem  4.4  with  U=V=2  and  Pj  =  P2=l) 
to  two  half-normal  variates  with  form  (4.7)  immediately  gives  the 
distribution  of  the  product  of  two  half-normal  variates  as 
.  2  0 

(2ire1©2)"  h  Cz/(2e1©2)  :  (o,|),  (o,|)3  . 

0  2 

By  section  2.4.4.,  this  equals  the  Bessel  distribution  given  as 
(2/(7T©1©2))*K q  (z/©i ©2)  and  agrees  with  known  results  obtained 
without  H-  functions  (21:160). 

Similarly,  applying  Theorem  4.2  (or  Theorem  4.4  with  U=  1,  V  =  2, 
Pj*l,  and  P2  =  -l)  to  two  pamma  variates  with  form  (4.1)  ?ives  the 
quotient  of  two  pamma  variates  as 

1  1 

(02/01^  (©1)r(©2))  H  ^  ^[02z/0i  :  (-©2’1)  ’>  (©x  -1,1)3. 


1 
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Bv  section  2 .4.1.,  this  is  equal  to 

( d2/tfi>ei  (P(ei  +  e2)/P(ei>P(e2))  z01_1(i  +  (^*/01))'ei_e2 

which  is  known  as  the  beta  distribution  of  the  second  kind  and  agrees 
with  known  results  obtained  without  H-  functions  (21; 164).  A  special 
case  of  the  above  is  the  quotient  of  two'  exponential  variates  with 
the  resulting  probability  density  function 


1  1  02/0  i 

(«S2/tfi)  H  C02*/^!  :  ?  (0,1)3  = 


11"'  (1  4-  («S2z/^i>) 

As  a  final  example,  consider  the  distribution  f„(y)  for  the 
quotient  of  two  power  variates  that  are  independent  but  identically 
distributed  with  probability  density  function 


2  • 


i  0 

fXi(x)  =  f^Cx)  =  (a+l)x®  =  (a-H)  H  ^  C*  :  (a+l,l);(a,l)3 


x2 


for  0<x<l.  Ely  Theorem  4.2,  the  probability  density  function  of 
Y=X1/X2  is  given  directly  as 

2  1  1 

fy(y)  =  (a+l)  H  Cy  :  (-a-l,  1), (a+1, 1)  ;  (a,l),  (-a-2,1)] 
1  2  2 

for  0<y<oo.  From  the  section  3»3«  convergence  conditions,  D  *  E**0, 
L  =  -2,  and  R  =  1,  so  that  the  H-  function  above  is  Type  VI.  It  con¬ 
verges  by  summing  of  LHP  residues  for  0<y£l  and  by  summing  of  RHP 
residues  for  yfcl.  There  is  only  one  LHP  pole  at  s * -a  with  residue 
y-(”a)/(2(a+l))  and  only  one  RHP  pole  at  s  =  a+2  with  residue 
y-(a-t-2)/ (_2(am1)) .  Therefore,  agreeing  with  known  results  (21;l6l), 
f i(a*l)  y®  ,  0  <  y  £  1 

.iU+i)  y‘a"2  ,  yii  • 


fr«  -  ^ 


t 

A 


< 
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*  4.5.  PRACTICAL  TECHNIQUE  FOR  FINDING  THE  DISTRIBUTION  OF  A  SOM 
4.5.1.  General  Technique. 

Thus  far,  only  products,  quotients,  and  rational  powers  of 
independent  H-  function  variates  have  been  considered  (section  4.4). 
This  section  will  demonstrate  a  practical  technique  for  determining 
the  probability  density  function  of  a  sum  of  products,  quotients  and 
rational  powers  of  independent  H-  function  variates.  This  technique 
has  been  implemented  and  verified  by  an  operational  computer  program, 
shown  in  Appendix  B. 

The  general  problem  is  to  find  the  probability  density  function 
of  the  random  variable  Z  given  by 

Z  -  £  t  *5*  X, ,  Kj>0*  (4-13> 

i=l  1  j=l 

where,  for  jsl,...,!^,  1=1,...,!!,  are  known  constants,  Pi;j  are 
known  rational  constants,  and  Xjj  are  independent  random  variables 
with  known  H  -  function  distributions . 

For  1*1,...,N,  let  be  the  random  variable  such  that 

*i  *  ^  hi'*  • 

J=1  J 

The  probability  density  function  for  each  Y^  is  immediately  found  as 
an  H- function  Hi(y1),  i=l,  by  applying  Theorem  4.4.  This 

reduces  the  problem  to  that  of  finding  the  probability  density 
function  of  the  random  variable  Z  given  by 

Z  a  £  h  h  »  Ki>0’ 

1*1 


V 
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where  are  known  constants  and  Y^  are  independent  random  variables 
with  known  H-  function  probability  density  functions  {^(yj), 
ial,...,N,  respectively. 

Since  each  of  the  H^y*)  is  an  H- function,  each  of  the 
corresponding  Laplace  transforms  are  also  H-  functions,  H^'Cr). 

These  H^'(r)  are  immediately  found  using  property  (2.12)  or  equation 
(3.8). 

Now,  by  Theorem  1.5,  the  probability  density  function  f(z)  of 
the  random  variable  Z  is  given  by 

N  N 

M  L.  r  {  %(yi)}3  *  ^[“ET  , 

i*l  “  i=l 

where  L^-1  is  the  inverse  Laplace  transform  operation.  Equation 
(5.14),  with  (5.15),  (5.8),  (5.9)  and  (5.10),  can  be  used  to  find 
H^*(r),  i ■  1, *«.,N,  for  any  desired  value  of  r  for  which  the  Laplace 
transform  converges  using  the  sum  of  LHP  or  RHP  residues.  Then, 
f(s)  can  be  found  for  specific  values  of  z  through  any  Laplace 
transform  inversion  technique  that  is  based  upon  selected  values  of  r. 

Ety  Theorem  3*1,  H^’(K^r)  converges  using  the  sum  of  LHP  or  RHP 
residues  for  all  complex  r^O  such  that  |arg(K^r){ < ^Tf,  except  at 
l^rlec^R^  when  L^-1.5  and  ^"-1,  where  L^  and  R^  are  the 
E,  L  and  R  convergence  parameters  of  section  3*3*  for  H^(z )  and 
c^  is  the  constant  in  the  argument  of  H^(z),  i*  1,...,N.  A  number  of 
numerical  Inversion  techniques  exist  that  depend  only  upon  values  of 
r  within  this  convergence  region.  For  instance,  the  method  by  Dubner 
and  Abate  (232)  uses  only  such  complex  values  of  r.  An  improvement 
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on  their  method  by  Crump  (231)  uses  complex  values  of  r  with 
0  <  arg(r)<$7f.  Crump’s  method  is  used  in  the  computer  program 
of  Appendix  B  and  is  explained  below  after  an  example  that  will 
demonstrate  the  initial  steps  of  the  general  technique. 

4.5.2.  Demonstration  Example. 

Determine  the  probability  density  function  of  the  random 
variable  T  *  W»X2 ♦  (Y/Z),  where  W,  X,  Y,  and  Z  are  Independent 
random  variables  with  the  following  probability  density  functions: 


Hw(w)  *  w2'5(l-w)°‘5 

1  0 

*  H  Cw  :  (4,1)  ,  (2.5,1)], 

1  1 

0< w<l  (beta  distribution,  section  4.2.) 

1  0 

Hx(x)  =  3  exp(-3  x)  =  3  H  C3  x  :  (0,1)3,  x  >0 

0  1 


1  0 

Hy(y)  =  0.5  exp(-0.5  y)  »  0.5  H  Co. 5  y  :  (0,1)3,  y>0 

0  1 


1  0 

Hz  (z)  =  0.4  exp(-0 .4  z)  =  0.4  R  C0.4  z  :  (0,1)3  ,  z>0 

0  1 

(exponential  distributions,  section  4.2.) 

By  applying  Theorem  4.4,  the  probability  density  functions  of 
U  *  W«X2  and  V  *  Y/Z  are  found  to  be: 

2  0 

Hn  (u)  -  (9  r»(5)/r(3.5))  H  C9  U  :  (4,1)  ;  (2.5, 1), (-1,2) 3  ,  u>0 

12 

1  1 

Hv(v)  *  1.25  H  Cl. 25  v  :  (-1,1)  |  (0,1)3,  v  >0  . 

1  1 
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Using  property  (2.12),  the  Laplace  transforms  for  Hy(u)  and 
Hv  (v)  are: 

1  2 

Htj  '(r)  *  (r(5)/r(3-5))  H  [r/9  s  (-2.5,1), (0,2)  ; 

2  2 

(0,1),  (-4, 1)3 

2  1 

Hy'(r)  *  H  Cr/1.25  :  (0,1)  ;  (0,1), (1,1)  3  . 

1  2 


E Ey  Theorem  1.5,  the  probability  density  function  of  T  *  U  +  V 
is  given  by: 


fT(t)  =  Lt*1  C«u  '(r)  •  Hy '(r)3  ,  t>0, 

where  is  the  inverse  Laplace  transform  operation. 

4.5.3.  Crump's  Numerical  Inversion  of  a  Laplace  Transform. 

According  to  Crump's  method  (231),  a  function  f(z)  can  be 
evaluated  for  0<  z<  8  and  C  *  7T/ *88  by  the  convergent  series: 

f(z)  =  (eaz/.8»)-/"iLi.(a)  +  CL_(a  +  kCi)  J  *oos(kCz) 

V.  k=l 

-  Im  CLj.(a  +  kCi)3  *sin(kC*)3-^  ,  a>0, 

'rtiere  L  (r0)  *  Lp*ff(z)}j 

r  lr  *  r0  (4.14) 

In  the  general  technique  for  determining  the  distribution  of  a 
Sum  of  products,  quotients  and  rational  powers  of  independent 
H-  function  variates, 

N 

Lj.(r0)  =  TT  Hi  ' (KjTq)  , 

and  for  the  demonstration  example  above:  Lj,(r0)  =  Hy '(r0)*Hy '(r0). 
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The  rate  of  convergence  of  Crump's  inversion  series  depends  upon 
the  choice  of  the  constant  a.  Crump  recommends 
a  =  log(l/E)/(1.6B)  , 

where  E  is  the  largest  decimal  error  desired  in  the  final  f(z)  value. 

Computationally,  the  Lj.(r0)  terms  for  rQ  *  a  +  kCi,  k  =  0,1,2, . 
are  calculated  once  and  stored.  Then  they  are  reused  in  computing 
f(z)  for  each  different  value  of  z  that  is  desired. 

Let  be  the  largest  value  of  c^R^/K^  for  those  ^(y^)  where 

the  convergence  parameters  E^*-l  and  L^£-1.5t  i  ®  1,  ...,N.  Then 
the  constant  a  should  be  chosen  to  be  greater  than  Amax.  This  is 
to  make  sure  that  H^'(K^r0)  can  be  evaluated  by  summing  residues 
for  all  rQ  *  a  +  kCi  (per  discussion  in  section  4.5*1.). 

4.5.4.  An  Alternative  Laplace  Transform  Inversion. 

A  numerical  inversion  of  the  Laplace  transform  by  Jagerman  (234) 
is  based  upon  the  Widder  (228)  inversion  theorem: 


f(z)  »  lim  ((-l)k/M)(0c  +  l)/*)1{+1  L^-CfU)}! 


k  +  1* 
z 


Because  the  Laplace  transform  and  its  derivatives  are  H-  func¬ 
tions  for  an  H-  function,  the  Widder  theorem  leads  to  a  formula  that 
has  no  transforms  when  Lp^ffzJ^is  a  product  of  Laplace  transforms 
of  H-  functions,  as  in  the  general  technique  here  for  finding  the 
distribution  of  a  sum. 

For  example,  if  X  and  Y  are  independent  H-  function  variates, 
then  the  probability  density  function  f(z)  of  Z  *  X  +  Y  is  given  by: 
f (z )  =  L*"1  LLp-CHx  (*)>  *  Ir<HY(y)>3  • 


■ 


Then,  the  k-th  derivative  of  Lj.{f(z)}  is: 

21  <5>  Lr<k”J)<Hx(x)}-  Lr(j)<HY(y)>  . 

j=0 

By  Theorem  J.2  of  section  3*6*»  each  term  above  exists  because  the 
Laplace  transform  of  an  H-  function  can  be  differentiated  any  number 
of  times  with  the  resulting  H -  function  still  being  convergent. 

Before  proceeding  further,  let  us  derive  an  expression  for  the 
t-th  derivative  of  the  Laplace  transform  at  r*  (k+  l)/z  for  the 
H-  function 

m  n 

H(s)  -  H  [ez  s  {(W}}- 

p  q 

For  simplicity,  assume  1*0  in  formula  (3*7)  of  section  3*7. {  then, 
by  using  properties  (2.12)  and  (2.8)  and  the  Laplace  transform 
property  1.3.2. 5., 

LrCt)-CH(s)>  *  (“1;  (l/c)(r/ c)”^”1  H  [r/c  : 

q,p+l 

<(l-bi,B1)>;  («*1,1),  -Cd-ai.Ai^c"1 

■  (-1)1  r’1"1  H  £r/c  l>t(l -*>!»%)}  5 

q,p+l 

(t  +  l,l),^(l-a1,A1»3 

And,  at  r*(k+l)/z,  L_^{H(z)}| 

I  r  *  (k  +•  l)/z 

-  (-l)t(m/(k  -t- 1))  1  H  [cz/(k  +  l)  :  (-t,l),  <(ai,Ai)> 

p+l,q 

•C(^.Bi)} 3  • 

Note  the  similarity  to  the  original  H-  function  H(z). 
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Thus,  the  k-th  derivative  of  at  r*(k+l)/z  is: 

II  <5)(-i)k“j(z/oc  ♦  i))k-j+i(-i>j(Z/(k + i))^1 

J-0 

*H  _*1  CrTT  !  {(*iX,Aix)y  }  {(biX'Blx)}] 

PX+l,qx  k  +  1 

TUyt  ^  ®Y  ® 

H  C“ — "  :  -C^iYfAiY^}  ?  ^hlT»BiY^3'3  # 

Py+l,qy  k  +  1 

Denote  the  H-  functions  above  by  Hy +(a/(k +  l):(-k+j,l))  and 
Hr+U/(k  +  l):(-j,l)),  then  f(z)  is  given  by  the  Wldder  inversion 
tneorem  as: 

,  k 

f(z)  =  lim  (z/k!(k  +  l»JI  (*)  H»  +(s/ (k  +  l):(-k+j,l)) 
k-»*oo  J*0  J 

•  Hy+(z/(k+  l):(-j,l))  . 

As  the  number  of  terms  in  the  original  problem  increases,  the 
complexity  of  this  inversion  technique  increases  considerably.  The 
probability  density  function  of  the  random  variable  W  »  X  +  Y  +  Z, 
where  X,  Y,  and  Z  are  independent  H-  function  variates,  is  given  by: 

f(w)  =*  lim  <z2/kl(k  +  l)2)  21  fy  Hjr  +(s/(k  ♦  l):(-k+j,l)) 
k  oo  j=0  J 

•  (?)  Hj+(z/(k  *  l):(-j-*-i,  l))»Hg  *(z/ (k  +•  l):(-i,  1)). 

i*0 

This  inversion  technique  has  not  been  programed  for  computer 


implementation  and  cannot  really  be  compared  to  Crump's  as  yet. 

Both  techniques  have  the  disadvantage  now  of  there  being  no  criteria 
for  selecting  the  upper  limit  on  the  summations. 


4.6.  CUMULATIVE  DISTRIBUTION  FUNCTION 

The  cumulative  distribution  function  H  g (x)  of  a  probability 
density  function  H(x)  is  defined  as 

He  (x)  =  f  H(t)  dt  . 
w  J  0 

Using  a  well-known  Mellin  transform  relation  from  Erdelyi 
(9:307),  Eldred  (7:139)  and  Springer  (21:243)  derive  the  expression 

Hc(x)  =  1  -  (2TTi)“1  rW+i^  s'1  x"5  Ms4.1<H(x)>ds 

J  w-  ioo 

(4.15) 

Eldred  (7)  developed  a  computer  program  that  evaluates  an 
H-  function  probability  density  function  and  its  cumulative  distri¬ 
bution  function  by  summing  residues.  In  the  first  pass  through  the 
basic  program,  for  the  desired  values  of  x,  he  finds  the  corresponding 
values  of  a  probability  density  function  given  by 

m  n 

H(x)  *  K*H  lex  :  {(ai,Ai)>  ;  {(bi,^)}’],  K  a  constant. 

P  9 

Then,  in  the  second  pass  through  the  basic  program,  he  determines  the 
values  of  H  g (x)  by  summing  the  residues  of 

(K/c)  H  [ex  :  {(ai  +  A1,A1)>  ;  {(hi  +  %,%»}.  (4*16) 

p  q 

but  (1)  multiplying  each  residue  by  l/sk,  where  sk  is  the  pole  for  the 
residue  and  (2)  adding  the  pole  sk*0  (or  increasing  by  1  the  order  of 
an  existing  pole  at  sk»0  for  (4.16))  (7:H*0-  141).  Once  the  result 
of  the  second  pass  is  subtracted  from  one,  Eldred  completes  the 
implementation  of  (4.15)  for  H(x)  an  H-  function  density. 
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Hq  (x)  can  be  found  more  efficiently.  First,  substitute  in 
(4.15)  for  s'*  the  equivalent  form  r(s)/P(s  +  l)  so  that 

m  +  l,n 

Hc(x)  *  1  -  (K/c)  H  [cx  :  <(8i  +  Ai,Ai)>  ,  (1, 1)  ; 

p  +  i,q  +  i 

(0,1),  {(bi  +  Bi.Bi)}-!, 

and  then  apply  property  (2.8)  with  k =  1  so  that 

m+l,n 

*  Hc(x)  =  l-KxH  Ccx  :  {(ai.Ai^^O.l)  ;  (-1,1), 

p+i.q+i 

(4.17) 

As  indicated  by  (4.17),  Hq  (x)  can  be  found  at  the  same  time  as 
H(x)  by  using  the  calculations  for  the  residues  of  H(x),  multiplying 
each  residue  by  l/(s^-  1),  and  then  adding  the  pole  s^ *  1  (or 
increasing  by  1  the  order  of  an  existing  pole  at  sk  =  1 ) .  This  single 
pass  procedure  is  used  in  the  computer  program  of  Appendix  B. 

Another  formula  for  the  cumulative  distribution  function  of  an 
H-  function  probability  density  can  be  derived  using  the  Laplace 
transform. 

THEOREM  :  The  cumulative  distribution  function  for  an  H-  function 
probability  density  function  is  an  H-  function. 

Using  Laplace  transform  property  1.3.2.?.,  that  is, 

Ir-C J  f(“)  du >  =  Lr<f(x)>/r  , 

*  0 

and  the  Laplace  transform  formulas  (2.12)  and  (3*8),  with  f(x)  * 

H(x),  the  H-  function  defined  above,  then 


V, 


Lr-CHc(x)>  * 


n+l,m 

(K/rc)  H  Cr/c  :  {(l-bi-B^B^  J  (0,1), 

q.p+i  _ 

■C(l-ai-Ai,A1)>],  1*0  ; 

n-t-l,m+l 

(K/rcK-l)1  H  Cr/c  :  (1,1),  <(l-bi-Bl,B1)>  5 

q-t-l,p+-2 

(I.D,  <(l-«i-Al. Ai)>  ,  (0,1)],  I>0. 


And,  using  properties  (2.8)  to  (2.10),  with  k*-l. 


n+2,n 

(K/O  H  [r/c  :  ^(l-b1-2Bi,Bi)^  ,(0,1)  ; 

q-t-l,p*-2 


/  (0,1), (-1,1),  {(l-^^.A^H,  1  =  0  ; 

X*<Hc(x)>  =  </ 

n+l,nH'2 

(k/ c  ;(-l)^  H  Cr/c  :  (0,1), (1-1,1), 

q+2,p+3 

<(l-bi-2Bi,3i)>  5  (1-1,1),  •C(l-«1-2Ai,Ai)>, 
w  (-1,1), (o,i)3  ,  i>o  . 

Then,  using  formulas  (2.12)  and  (3-8)  to  find  the  inverse  transforms, 
r  m,n+l 

(K/c)  H  [cx  :  (1,1),  •C(*i  +  A1,Ai)>  ; 

p+l,q+l 

^(bi  +  Bi,Bi)>,(0,l)3,  1  =  0  ; 


*  Hc  (x) : 


m+l,n 

(-K/c)  H  C«  ;  {(®i  +  Ai*Ai)3’  * ( 1  *  1- )  5 

p+l,q+l 

(0,1),  <(bi  +  %,%)>],  I  >0 


(4.18) 

Also,  from  property  (2.8)  with  k*l,  and  equation  (3*7)  for  I, 
m,n+l 

•  Hc(x)  *  (Kx)  H  £cx  :  (0,1),  {.(*±,h±)y  ?  {(^Bi)}- ,  (-1,1)3 

p+l,q+l 

all  -bi/Bi<  1,  i»  ; 


(4.19) 
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m+l,n 


*  Hc(x)  =  (-Kx)  H  C  cx  :  •C(ai*Ai)>  ,(0,1)  ;  (-l.lJ.-ftbi.Bi)}! 

p+l,q+l 

if  any  i*l,...,m  . 


(4.20) 

GAMMA  CUMULATIVE  DISTRIBUTION  FUNCTION:  Applying  (4.18)  to  the 
gamma  probability  density  function  given  by  (4.1), 

c 

1  1 


Hc  (x)  *  (0®  me))"1/*  t®*  1  e_t/*  dt 


=  (r»(e))  h  l*H>  :  (1,1)  ;  (©,i), (0,1)3  , 

1  2 

x  >0,  6,0  >0  .  (4.21) 


Also,  r(e)*Hg(z)  is  called  the  incomplete  gamma  function, 
1(6, z),  (1:260)  so  that 


1  1 


1(6, z)  =  h  c*  :  (1,1)  ;  (6,1), (0,1)3,  6>0  ,  E >0 

1  2 

(4.22) 


HALF-  NORMAL  CUMULATIVE  DISTRIBUTION  FUNCTION:  Applying  (4.18)  to 
the  half-  normal  probability  density  function  given  by  (4.7), 

*  Hc(x)  =  2  0_1(2ir )'*f*  exp(-t2/2©2)  dt 


i  1  1 

ir_t  h  Cx/(eV5)  *  (i,D  ;  (i,i),(o,D3 , 

1  2 

x  >0,  ©>0  .  (4.23) 


Also,  Hc(x)  is  equal  to  erf(x/©V5)  (18:140),  so  that 


i  1  1 

erf (z)  =  lr~f  H  [z  :  (1,1)  ?  (i,i), (0, 1)  3  ,  *>0  . 
1  2 


(4.24) 
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BETA  CUMULATIVE  DISTRIBUTION  FUNCTION;  Applying  (4.18)  to  the  beta 
probability  density  function  given  by  (4.8), 

*  Hc  (x)  =  (B(0,«i))"1  fX  t®~  1  (1-  t)*'  1  dt 

J  0 


*  (P(©*0)/P(e))  h  Cx  s  (i,i), (©  +  0,1)  ; 

2  2 

(©,1),(0,1)  1 , 

0  <  x  <  1,  S,0  <0  .  (4.25) 

The  incomplete  beta  function  (1:263)  is  given  by 

^(©,0)  =  B(©,0)  *  Hc(x)  ,  Hc(x)  given  by  (4.25). 

Although  the  above  results,  equations  (4.18)  to  (4.20),  were 
found  using  the  Laplace  transform,  they  could  also  be  achieved  by 
switching  the  order  of  integration  of  the  cumulative  distribution 
function  integral  and  the  H-  function  contour  integral.  Let 

/y+ioo 

(•)  (ex)  ds  , 

w-  ioo 

where  (•)  represents  the  gamma  products  in  the  H-  function  definition 
(2.1),  which  do  not  depend  on  the  variable  x.  Then, 


(•)  (cx)"S  ds  , 


Hc  (x)  =  J 

,x  .w  +■  ioo 

K  / 

(•)  (ctfs  ds  dt 

4 

u  J 

0  J  v  -  ioo 

.w  +•  ioo 

*  K 

/  (#) 

/  (ct)-5  dt  ds 

4 

'  w-  ioo 

J  0 

*  K 

«w  ioo  .  . 

/  (•)  (cx)1_s  (c(l-s))'1 

J  w  -  ioo 

.w  +  ioo 

*  K x  f  (•) 

(1- sf1  (cx)”S  ds  . 

^  w-  ioo 

(4.26) 


•«  •>  ' 
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In  equation  (4.26),  if  P(1  -  s)/r*(2- s)  is  substituted  for 
(1-s)  *,  then  (4.26)  becomes  (4.19).  And,  if  -P  (s  -  l)/r*  (s)  is 
substituted  for  (l-s)“*,  then  (4.26)  becomes  (4.20). 

The  probability  density  function  f(z)  for  the  random  variable  Z, 
given  in  the  general  problem  form  (4.13),  can  be  evaluated  by  using 
equation  (4.14).  The  cumulative  distribution  function  F^ (z)  can 
be  found  in  the  same  manner  by  replacing  L^r^  in  (4.14)  by 
Lj.(r0)/r0  for  r0  =  a  +  kCi,  k  =  0,l,....  With  this  procedure,  all 
calculations  for  f(z)  apply  to  F^(z)  and  both  are  determined  in  the 
same  pass  through  the  computer  program  in  Appendix  B.  Thus,  Crump’s 
method  for  numerical  inversion  of  a  Laplace  transform  has  the  added 
advantage  of  simultaneous  inversion  of  transforms  that  are  closely 
related,  as  f(z)  and  F q  (z)  are  by  Laplace  transform  property 
1. 3.2.7. 

•  4.7.  EVALUATION  OF  THE  H-  FUNCTION  DISTRIBUTION  CONSTANT 

Carter  (4),  Eldred  (7),  and  Springer  (21)  presented  special 
cases  of  the  H-  function  distribution  and  the  definition  of  the 
general  H-  function  distribution.  However,  they  gave  no  method  to 
determine  the  constant  K  in  definition  4.1.  One  approach  to  finding 
K  is  to  investigate  (x)  for  large  x,  since 

lim  H^(x)  =  lim  K(H- function  given  by  (4.18))  *  1  . 

x  -V  oe  x  00 

That  is,  if  I*H(cx)  is  a  proposed  H-  function  probability  density, 
use  (4.18)  to  find  the  associated  H-  function  for  the  cumulative 
distribution  function,  which  for  large  x  will  approach  l/K. 
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The  numerical  approach  to  finding  K  is  not  nearly  as  appealing 
as  an  exact  method  that  has  been  found.  Setting  the  right  sides  of 
(4.17)  and  (4.19)  equal  to  each  other  immediately  yields: 
m,n+l 

*  H  £cx  :  {(a,, A.)}  ,(0,1)  ;  (-1,1),  <(bi,Bi)>] 

P+l,q+l 

m+l,n  . 

+  H  Ccx  :  (01l),<(«i#Ai»;  <(bL,BL)>  ,(-1,1)] 

p+l.q+l 

where  all  -b^/Bi^l,  i  =  l,...,m,  (l-a^)/Ai > 1,  i»l,...,n.  (4.27) 
Compare  the  residues  of  the  two  H-  functions  in  (4.27).  Each  RHP 
residue  of  the  first  H-  function  has  a  matching  RHP  residue  of  the 
second  H-  function  that  is  exactly  equal  but  opposite  in  sign,  except 
the  residue  at  s^*  1.  Similarly,  each  LHP  residue  of  the  second  has 
a  matching  residue  of  the  first  that  is  exactly  equal  but  opposite  in 
sign,  except  again  the  residue  at  sk=l.  Therefore,  whether  (4.27) 
is  evaluated  by  summation  of  LHP  or  of  RHP  residues,  it  reduces  to 
only  one  term  on  the  left  side; 

(-  RHP  residue  at  s^  =  1)  =  (+•  LHP  residue  at  sk  =  1)  =  l/(Kx)  . 

If  the  probability  density  function  H(x)  has  no  pole  at  s^  =  1,  then 
the  cumulative  distribution  function  (x)  has  a  pole  of  order  1  at 
s^ =  1  and  equation  (4.27)  reduces  to: 

-nr  ro^  +  B,)  tt  ru-H-Ai) 

,  1=1  1=1  .  J_  s  _L  (4.28) 

p  q  cx  Kx 

Trr(a1tAi)irr(i-b1-B1) 

i=n+-l  i=m-t-l 

Solving  for  K  and  noting  property  (2.11),  K  *  (l/Ms^H(x)}  )|  . 

.  I  s  =  1 


109 


The  above  result  is  summarized  in  the  following  theorem. 


«  THEOREM  4.6:  If  H(x)  is  an  H-  function  probability  density  defined 

¥ 

by 


m  n 

H(x)  =  K  •  H  £ex  :  -C(ai,Ai)>  ;  ■C(bi,Bi)}3, 
p  q 

such  that  -bj/Bi<l,  i*l,...,m,  and  (1-«l^)/a^>1,  i*l,...,n, 

(which  implies  that  H(x)  has  no  pole  at  s=»l) 

then 

K  =  (l/Ms<H(x)>)| 

Is  *  1 


-n"P(ai^Ai)  TT  r(l-bi-B1) 
i=n+l  lsm,fl  (4.29) 

c  m  n 

TTr(bi  +  Bi)  "IT  r(l-a1-Ai) 
i=l  i=l 


The  twelve  classical  distributions  given  as  special  cases  of 
the  H-  function  distribution  in  section  4.2.,  equations  (4.1)  to 
(4.12),  all  meet  the  conditions  of  Theorem  4.6  and  their  constants 
agree  with  (4.29). 

Another  way  to  arrive  at  equation  (4.29)  is  to  consider  Theorem 
1.10  with  k=0,  that  is,  the  zero  moment  of  a  probability  density 
function  K*H(x),  where  P{xf0>=  0  and  Mg-Otfx)}  has  no  pole  at  s  =  1: 


E(X°)  *  f"  K*H(x)  dx  *  1  =  Ms<K*H(x)>  I 

J  0  I  s  =  0  1 

=  K  •  Ms<H(x)>  |  ^  . 
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*  U.8.  CONVERGENCE  0^  THE  CUMULATIVE  DISTRIBUTION  '•'UNCTION 

If  (D,  E,  L,  R,  and  w  are  convergence  parameters  for  a  given 
H-  function  probability  density  H(x)  and  Oq  »  ®C  *  ^C‘  and  WC 
are  the  corresponding  parameters  for  the  cumulative  distribution 
function  Hj(x),  then  the  application  of  the  section  3*3*  formulas 
to  (4.18)  yields  the  following  relations: 

Cq  *0,  E  £  =  05  ,  Lq  =  L  -  1  -  E  ,  Rc  =*  R  , 

w^  =  w-  1,  and  if  L<Ew  then  Lq  <E  q  »w q  -  1  . 

Therefore,  if  H(x)  is  Type  I  or  II  then  Hq  (x)  is  also  Type  I 
or  II.  If  H(x)  is  Type  III  or  IV  then  H^  (x)  is  also  Type  III  or  IV. 
If  H(x)  is  Type  V  then  H^  (x)  is  Type  V  or  Type  VI  without  convergence 
at  x*  1/ (cR)  by  summation  of  residues.  And,  if  H(x)  is  Type  VI  then 
Hq (x)  is  also  Type  VI  with  convergence  at  x=  l/(cR)  by  summation  of 
either  LHP  or  RHP  residues.  Overall,  if  H(x)  converges  then  Hc(x) 
also  converges. 
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CHAPTER  5 

EVALUATION  OF  THE  H-  FUNCTION 

5-1.  MATHAI  AND  SAXENA  FORMULATIONS 

In  1973«  Mathai  and  Saxena  presented  a  theoretical  computable 
representation  of  a  G-  function  which  involves  a  series  expansion 
and  the  summation  of  residues  at  LHP  poles,  using  psi  and  poly¬ 
gamma  functions  (16:177  -  185«  15).  The  psi  and  polygamma  functions 
are  the  first  and  higher  order  derivatives  of  the  gamma  function 
(1:258  -  260).  Due  to  the  series  expansion  and  no  obvious  simplifi¬ 
cations,  this  formulation  is  lengthy  and  complicated.  One  of  the 
two  terms  in  the  series  formula  contains  9  nested  levels  of 
summation  and  the  other  term  has  11,  where  the  fourth  level  also 
involves  an  infinite  sum. 

Mathai  and  Saxena  presented  some  details  on  handling  poles  for 
the  H-  function  and  stated  that  their  G-  function  formulation  is 
extendable  to  the  H-  function.  They  later  gave  more  details  for 
their  H- function  representation  ( 18:70  -  75)* 

No  indication  is  given  that  the  Mathai  and  Saxena  formulations 
have  actually  been  programmed  for  computer  usage.  Such  an  effort 
will  not  be  an  easy  task.  Moreover,  their  G-  and  H-  function 
representations  are  limited  to  cases  where  no  denominator  singularity 
coincides  with  any  pole.  This  is  a  severe  limitation  since  such 
coinciding  occurs  quite  often. 


Ill 
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5.2.  ELDRED  FORMULATION  (7:119-  136;  21:227-241) 

In  1979»  Eldred  presented  a  simpler  formulation  for  the 
numerical  evaluation  of  the  H-  function,  accompanied  by  an 
operational  computer  program.  Eldred  treats  LHP  and  RHP  evaluation 
separately.  Following  his  LHP  derivation,  assume  the  poles  s^, 
k=  1,2,3,...,  are  ordered  from  largest,  most  positive  or  least 
negative,  to  smallest,  most  negative.  And,  assume  is  the  order 
of  pole  Sjj  and  r^  is  the  number  of  singularities  for  s*3k  in  the 
denominator  of  the  H-  function  integrand.  Then, 
m  n 


H(0  *  H  £*  :  •C(«i»A1)>  ;  <(bi,Bi)>3 
p  q 


where 


C(0)(s)  =  TT  r(l-a1-Ais)/C(s-sk)rdk 
1=1 


q  p 

t r  rd-bi-B,*)  it  r(a1  +  A1s)3 

i«i  i*i 


and 


Tj(°)(s)  «  (s-sk) 


rk +  rdk  “  „  o  , 

TT  rO^  +  B^s) 
i*l 


(5.1) 


Eldred  applies  Leibnitz's  rule  for  differentiation  of  products 
and  obtains: 


H(z) 


c 


'k-1 


(He-  0*  vmO  w 


rv-1  (rv-1"w) 

( \  )  c 


•  <- 


.w-v 


ds 


w-v 


(0 

V 

v*0 

-a.  1  1 

z 

(?)  0(v>< 


“)]|  .(5.2) 

ls-sk 
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The  next  step  is  the  main  contribution  of  Eldred.  He  notes  that 
C^(s)  and  U^°^(s)  are  products  of  terms  f^s)  whose  derivatives 
can  be  expressed  in  the  form  f^*(s)  •  f^(s)*g^(s).  Thus,  the  first 
derivatives  with  respect  to  s,  C^^(s)  and  U^^(s),  are  of  the  form 

d(  Trf.(a)  )/ds  =  El  gi(s)  •  1 T  f^s)  . 

i  1  i 


Eldred  then  uses  this  simpler  product  rule  to  develop  recursive 
formulas  for  finding  higher  order  derivatives,  C^^(s)  and  0^(s), 
in  terms  of  C^(s),  U^(s),  psi  functions  and  polygamma  functions: 

C^(sk)  *  *IT  rCl-a^-A^Sjj)  JLT(-B^)(-l)  *^ik* 


i=m+l 
1-bi-Vjc*-  Jik 


•  -nr  Ai(-i)Jik  w  /  (Sr  r  (1-^-1^)  Sr  r^A^)  ) 

i»n+l  i^aH-1  i=rH-l 

ai+Aisk=  -  Jlk  1-bi-BiSjj#  -  Jik  »i+Aisk* "  Jik 

D(0)(sk)  »  TT  rCbj+BjSk)  /  ■n'(B1(-l)Jik  ^1) 
i*l  1=1 

bi+Bisk*"Jik  hi^’k*-  Jik 

r-1 


<r>W)  -  H  Ct1)  c(r-1-t>(»k) 


t*0 

r-1 


U(r)(sk)  *  H  (r;1)  U(r'1_t)(sk)  V(t+1)(sk) 


t=o 


drtO  I 

dsr  Is*  sk 


=  (-log  z)  Z 


r  -*k 


(next  page) 
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x<t,'l)(»k)  -  z: 

i=l 


-  il  r(t,0-VBl»k)  *  £  *itW  tM Ci«i>k> 

i=*n+l  i=n+l 

1-bj-BjSk*  -  Jjjj  ai+Aisk^  "  Jik 

q  J4u*l 

-  n  iK-Bi)”1  *  n  tt 

i=m+l 

l-bi-Bj_SjiC=  - 
P 

-  5_CAlt+1  r(t)(i)  +  51  (-Ai)t+1  t! 

i=n+l  j=0 

*i+Aisk*  "  Jik 


t+l  ^,(t)/ 


v'^^csk)  =  zz  v  rK  * (v%sk) 

i*i 

bi+Bisk*”  Jlk 

Jlk-1 


r(t)(l)  ♦  tl  (-Bi)t+1  t!  (j-Jik)"1'1] 


1=1 

bi+Blsk=  "  Jlk 


J-0 


where  and  are  the  standard  psi  and  polygamma 

functions  (l;258  -  260).  The  conditional  notations  beneath  the 
product  and  summation  signs,  f(i,k)*-Jjk  and  f(i,k)  are 

read  "equal  to  any  negative  integer  or  zero"  and  "not  equal  to  any 
negative  integer  or  zero."  Eldred  derives  a  similar  formulation 
for  the  summation  of  RHP  residues,  where  is  composed  of 

the  terms  PCl-a^-A^s)  which  give  the  RHP  poles. 

Eldred  deserves  considerable  credit  for  significantly 
simplifying  the  H-  function  evaluation  and  providing  a  working 
computer  program  to  implement  his  formulation. 
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*  5.3*  NEW  FORMULATION 

A  simplified  version  of  Eld red's  formulation  can  be  obtained 
by  applying  the  simpler  product  rule  used  by  Eldred  immediately  to 
equation  (5*1)»  instead  of  applying  Leibnitz's  rule. 

Define  V<°>(s)  *  C^0^(s)*U^0^(s)*z"s.  V^°^(s)  can  be  expressed 

as  a  product  of  terms  f^(s)  with  derivatives  of  the  form  f^'(s)  = 
fi(s)*gi(s),  as  shown  below.  Let  1^  =  0  when  e^  +  d^s^  is  not  a 
negative  integer,  and  let  1^=1  when  c^  +  d^s^ 58 "  Jjjj,  for  some 
non- negative  integer  J^.  Then,  near  any  pole  of  the  H-  function 
integrand,  V^(s)  may  be  considered  the  product  of  the  following 
(p  +  q  *■  1)  functions  f^(s): 


fp+q+l<s)  *  *"S  With  8p4q+l(s>  *  * 

For  i  *  1,  ...,m  +  n, 

r  rUi  +  diS)  ,  if  i^«o 

T±W  =  F^(s)  5  J  (s-sk)  rCci+diS)  = 


(5-3) 


r(Jik-H^ci^ig) _  , 

di(ci+dis)(l+ci+d^s)...(jju{-l+ci+dis) 


if  I<  *  1  • 


(5.4) 


gi(s 


s)..<°)(s)5/^'i«l.).V0  Jlk., 


dintfJiK^CitdiS)^  >  (-Cj-diS-j)  13  , 

if  L  *1  • 

^  (5-5) 


dir+lc^(r)(Jik+UCi+diS)+rt  2Z  (-ci-d1s-j)“r“1J, 

j=0 

L  ifli-l.  (5.6) 
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For  i=m  +  n+l,...,p  +  q, 

fi(s)  *  l/F^s)  with  gi(s)  =  -  G^°\a)  ,  (5.7) 

where  and  as  defined  above  in  (5**0  and  (5*5)* 

There  will  be  r^r^  occasions  when  1^*1,  for  i *  1, ...,m+n, 
since  there  must  be  this  many  numerator  singularities  for  the  order 
of  the  pole  sk  to  be  r^  with  r^  denominator  singularities.  And, 
for  i  =  m+n+l,  ...,p+q,  there  will  be  r^  occasions  when  1^*1,  since 
there  are  r^  singularities  for  s  =  sk  in  the  denominator . 

Evaluation  of  (5»^)«  (5*5)  and  (5*6)  at  s  -  sk  yields: 


Fi(sk)  -  • 

f  r(ci<-d1sk)  ,  if  It  =  0 

L  (d1(-l)Jik  Juctr1  »  if  Ii-1 

(5.9) 

0i<0,(.k) 

J  diWci  +  d^)  ,  if  ^-0 

\  di^ik*1)  »  if  li*l 

(5.9) 

„  (r).  .  f  dir+1^(r>(ci+<3i»k)  »  ifli  =  0 
S|c  ’  1  dir+1i:r(r)(i)  +  (-i)r(y<r)(Jik'*-i) 

L  -  ^(r)(l)  >3  »  if  Ii-1 

(5.10) 

To  complete  the  development,  the  derivatives  of  are 

needed.  Paralleling  Eldred's  formulation,  is  found  recursive¬ 
ly  with  a  formula  of  the  same  form  as  that  for  or  0^1 

If  we  define  W(0>(s)  *  5Z  G,(0)(s)  -  £  G^^s)  -  log(*)  , 

i*l  i^m+n+1 

(5.11) 

then,  r>0,  W(r>(»)  ■  H  01(r>(,)  -  0.(r,(«)  . 

(5.12) 


l 
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Now,  V(1)(s)  =  V(°)(s).W<°)(s),  and 

V(t)(s)  =  YZ  (V)  V^*  1-r>(8)-W^r>(s)  .  (5.13) 

r=0 

Combining  the  results  of  (5*3)  through  (5*13)  provides  the 
following  new  formulation  for  the  sum  of  LHP  residues: 
m  n 

H(z)  =  H  [i  :  (*i»Ai)  ;  (bi.Bi)! 

p  q 


V(rk‘1)(sk)/(rk-l)l., 


where  t  r\\  p+q+1  «+n  P+q 

v(0)(sk)  =  ir  ft(sk)  =  z  8k  TT  Fi(sk)  /  tt  rA*k)  , 
i=l  i=l  i^a+n+t 

Fi(sk)  are  defined  by  (5*8),  and 

for  i*l,  ...,m:  ci^b^  ,  d*  *  ; 

for  i  =  m  +  l,...,m  +  n:  =  1  -  ai_m  ,  di 3 -Ai-b  » 

for  i  * m  +  n  +  1, . . .,q  +  n:  c**  1-  ,  dA  *  ; 

for  i*q+-n  +  l,...,p  +  q:  ^“H-q  *  di*Ai-q* 

(5-14) 

Additionally, 

V(1)(sk)  *  V(0>(sk)  •  W(0)(sk) 

*  V<0)(sk)  C  ZZ  Oi(0)(®k)  "  Ilf  Gi*°*(»k)  “  log(z)3 

i*l  i=m+n+l 

where  Gi^°^(sk)  are  defined  by  (5*9);  and,  for  ^>2,  ^(sk) 

is  found  recursively,  using 

t-1 


(next  page) 
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where,  for  r  >0, 

w<r)Ok)  -  £  =i(r)<»k>  -  £  Gi<r)K> 

1=1  i=n+n+l 

and  Gj^r^(sk)  are  defined  by  (5*10).  (5*15) 

One  advantage  of  this  formulation  over  others  is  that  it  may 
be  used  for  either  LHP  or  RHP  evaluation  without  changes.  For  RHP 
evaluation,  the  poles  are  ordered  from  smallest  to  largest  and  the 
negative  of  the  final  result  is  taken. 

Computationally,  this  formulation  has  the  advantage  that  all 
Fit  and  for  r>0  depend  only  upon  the  pole  sk 

and  not  upon  z.  Thus,  for  a  given  pole,  these  values  are  computed 
once  and  used  to  find  without  (*“**),  without  (-log  z), 

and  the  other  r  =  1, . ..,1^  -  2,  which  are  stored.  Then,  V^1*^ “  ^ 

is  found  recursively  using  z,  and  the  W^r^,  for  as  many  values 

of  z  as  desired. 

Comparing  the  number  of  computer  manipulations  required, 

Appendix  A  shows  that  the  total  number  of  operations  saved  by  the 
new  formulation  over  Eldred's  is 

NP  NP 

4£Irk(rk-l)  +  (8  NZ  +  3)  El  rk  -  NZ*N1  , 
k=l  k«l 

where  NP  is  the  number  of  poles  evaluated,  NZ  is  the  number  of  z 
values  considered,  and  N1  is  the  number  cf  poles  evaluated  where 
rk>l.  If  all  poles  are  order  1,  then  NP(8  NZ  +  3)  additions, 
subtractions,  multiplications,  and  divisions  are  saved,  and  if  all 
poles  are  order  r>l,  NP(  NZ(8r  -  1)  ♦  Jr)  calculations  are  saved. 


5.4.1.  H(t)  =  H  [s  :  (b, B)3  ,  B>0. 

0  1 

FVom  section  3*4. 1.,  H(s)  converges  for  all  sf^O,  |arg  aj< 
min(fT,$7TB),  using  the  sum  of  the  LHP  residues.  There  are  an 
infinite  number  of  LHP  poles  of  order  1  at  sk  * -(k  +■  b)/B,  k  =  0,l,. 
so  that  equation  (5*14)  yields: 


H(s)  *  2—  rAsk)  s‘s* 
k-0 

Ii  *  1  »  Fj  *  (B(-l)k*ktr1 

H(s)  (B<-l)k-kt)“1  s(k  +  b)/B  *  B*1zb/B  ^ f-s^V/kl 

k*0  k=0 

Recognising,  the  well-known  series  for  an  exponential  function, 

H(s)  -  B_1  zb^B  expC-s1^®)  , 
which  agrees  with  the  known  formula  in  section  2.4.1. 

0  1 

5.4.2.  H(z)  *  H  Cz  :  (a,A)3  ,  A>0. 

1  0 

Ejy  section  3*3*  convergence  conditions,  H(s)  converges  for  all 
z  +  0,  |arg  zl<  minCTjilfA),  using  the  negative  of  the  sum  of  the 
RHP  residues.  There  are  an  infinite  number  of  RHP  poles  of  order  1 
at  sjj *  (k  +  1  -  a)/A  for  k*0,l,...,  so  that  equation  (5.14)  yields: 

H(s)  «  -ll  Fi(sk)  s"Sk  ,1-1,  F1«X-A(-l)k-kl)“l 


H(s)  *  A”1  s(a“  *^A  (-s"1/,A)k/kt 
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Recognizing  once  again  the  series  for  an  exponential  function, 

•  H(z)  =  A"1  z(a-1^A  exp(-z_1/A)  . 

Another  way  to  reach  this  result  is  to  use  property  (2.3)  to  change 

01  i  0  , 

H  [z  :  (a, A)  3  to  H  Cz~  :  (l-a,A)], 

10  0  1 

and  then  apply  the  result  of  section  5*4.1. 

1  0 

5*4.3.  H  C*  :  (a,B)  ;  (b,B)3  ,  B>0. 

1  1 

By  section  3*3*  convergence  conditions,  with  ©  =  E  =  0  and 
L  =  b- a,  H(z)  is  Type  VI  only  if  L<0,  that  is,  a>b,  and  then  H(z) 
converges  using  the  sum  of  LHP  residues  for  real  z,  0<z<l.  There 
are  no  RHP  poles. 

If  a-b  equals  some  integer  I,  there  are  I  poles  in  the  LHP, 
each  of  order  1;  else,  there  are  an  infinite  number  of  LHP  poles  of 
order  1  at  s^= -(k  +  b)/B,  k  =  0,l,....  In  either  case,  by  equation 
(5*14): 

H(z)  =  'ZZ  *”Sk  Fi(sk)/F2(sk> 
k 

-  7"  z(k  +  b)/B  (B(-l)k*kI)_1/r(«-b-k) 

k 

*  FI?' fT-~ b)  SI  (a-b-l)-”(a-b-k)*(-zl/B)k/kt 

Whether  finite  or  infinite,  the  series  above  equals  (1  -  z^®)a”  b_  *, 
so  that 

•  H(z)  -  (B-r(a-b))’1  zb/B  (l-z^V-h"1  , 


a>b 
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0  1 

5.4.4.  H  it  j  (a, A)  ;  (b,A)3,  A>0. 

1  1 

Using  property  (2.3),  this  H-  function  is  also  equal  to 
1  0  1 

H(z)  =  H  Cz"1  :  (l-b,A)  ;  (l-a,A)3  . 

1  1 

Then,  using  the  result  of  section  5‘4«3«* 

HU)  =  (AvPU-b))"1  *(a*1)/A  (l-a-1/A)a“b“1  ,  a>b. 

Since  (l-z_1^A)  =  z_*^A  (t1^-  1)  ,  the  result  simplifies  to 

*  HU)  =  (A.P (a-  b))'1  zb/A  (zl/A-  1)*"  b"  1  ,  a>b. 

1  1 

5-4.5.  H  it  s  (a,B)  ;  (b,B)3,  B>0. 

1  1 

By  section  3.3.  convergence  conditions,  with  ID  =  2,  E  =  0  and 
L  *  b-  a,  H(z)  is  Type  V  or  VI  with  LHP  convergence  for  0<  |z|<  1  and 
| arg  z| <7T  and  RHP  convergence  for  |z|  >1  and  |arg  z|<7T.  There 
is  not  convergence  using' residues  for  |z| *  1,  because  L  must  be  >-l 
for  the  LHP  poles  of  this  H-  function  to  be  properly  separated  from 
the  RHP  poles. 

Using  equation  (5*14)  to  sum  LHP  residues  yields: 

HU)  =  ZZ  z'S*  F1(sk)  FgUjj) 

=  T~  z(k*b>/B  (B*(-l)k*k»)_1  r(l-a  +  b  +  k) 
k 

a  B"1  zb^B  r(l-a  +  b)  5Z  *k/,B  (-l)k  (1- a  +  b)#“(k- a  +  b)/kt 

k 

=  B"1  zb/B  r(l-  a  +  b)  T~ 


k 


(z^B)k  (a-b- l)»..(a-b-k)/kt 
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The  above  series  is  a  binomial  series  that  equals  (l  +  z^B)a-b“  1, 
so  that 

'  H(z)  =  B"1  T(l-a-b)  zb/B  (H-z1/0)'01'**^. 

Using  equation  (5*14)  to  sum  RHP  residues  yields: 

H(z)  =  -  5Z  z  Sk  F1(sk)  F2(sk) 

=  -  r~  z“(lc"  1  +  a^B  r(l-  a  +  b  +  k)  (-B*(-l)k*kt)_1 
k 

*  B"1  r(l-a  +  b)  5Z  (*"^B)k  (a- b-  l)*..(a- b- k)/ki  . 

k*C 

The  above  series  is  a  binomial  series  that  equals 

.  (I-1/B  (ji/B,. !„-<!- **b)  . 

After  substitution  for  the  series  and  slmplifi cation,  the  result  for 
the  RHP  is  exactly  the  same  as  that  above  for  the  LHP. 

Therefore,  for  all  z  such  that  zJ^O,  |z|^l,  and  |arg  z\<1 T, 
and  for  (l-a  +  b)>0: 

1  1 

•  H  £  z  :  (a.B)  ;  (b,B)3 

1  1 

-  B-‘r<i-.*b).b/B  (n..1'*T<1’**fc>  • 

1  0 

5.4.6.  H  tz  :  (b,  B),  (b  +  B)3  ,  B>0. 

0  2 

By  the  argument  in  section  3.4.2.,  H(z)  converges  using  LHP 
residues  for  all  real  z>0.  There  are  an  infinite  number  of  LHP 
poles  of  order  1  at  sk*-(k  +  b)/B,  k  =  0,l, ...,  so  that  equation 
«  (5«l4)  yields: 

H(z)  »  fl  *(k  +  b)/B  (B-(-l)k'ktrV  P( k  +  i) 
k-0 


* 
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Replacing  k!*r(k  +  £)  with  the  equivalent  expression  P($)(2k)t/22*t, 

H(z)  =  (B-rCi))"1  th^B^  (-l)k  (2s1^2B)2k/(2k)l  . 

k=0 

Recognising  a  series  for  a  cosine  function, 

*  H(s)  *  (B-r(i))"1  sb/B  cos(2z1/2B)  . 

Following  the  sane  steps, 

*  H  [i  i  (b,B),(b-±,B)3  =  (BvPCi))-1  s(b_^)/B  sin(2s^2B)  . 

0  2 

N  0 

5.4.7.  H  C*  5 -C(0,D>3. 

N  N 

Ery  Theorem  4.1,  H(z)  is  the  probability  density  function  of  the 
product  of  N  identical,  independent,  uniformly-distributed  random 
variables.  The  uniform  distribution  is  a  beta  distribution  with 
©  *  •  1,  which,  from  section  4.2.,  is  thus  given  by: 

1  0 

h  c*  j  (i.D  i  (o,i)3. 
i  l 

By  section  3«3*  convergence  conditions,  with  C  *  E  *  0  and 
L  *  -N,  H(s)  can  be  evaluated  by  sunning  LHP  residues  for  real  t, 

0  z  1.  There  are  no  RHP  poles,  and  there  is  only  one  LHP  pole  of 
order  N  at  s « 0.  Equation  (5*14)  is  evaluated  as  follows: 

H(z)  -  V(N-  1>(0)/(N-  1)1 

^(0)  *  1  for  i  *  1, ...,2N  and  V(0>(0)  ■  1 

W^°\o)  =  NT(1)  -  Nt'(l)  -  log(z)  *  -  log(z) 
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w(r)(o)  -  o  *  n£  Y'(r)(i)  +  (-i)r(Y'(r)(i)  -  Y'(r)(i))J  -  Kr(r)(i) 


V 

V 


(1)(0)  =  -  log(z),  V(2)(0)  =  (-log(z)) 


(N'1>(0)  =  (-log(£))N“  1 


2 


* 


•  H(z)  =  (-log(E))N'  V(N-  1)1  -  (log(l/z))N‘  V(N-  1)1  , 

for  0<z£l,  which  agrees  with  known  results  obtained  without  using 
H-  functions  (21:101-  102).  This  also  provides  a  set  of  H-  function 
identities  not  found  in  the  literature: 


2  0 

log(z)«-H  [z  :  (1,1), (1,1)  {  (0,1), (0,1)3  ,  0<z<l. 

2  2 


w  N  N+1,0 

(log(z))N  =  (-1)N  N1  H  It  t  -C(l,l)>  {  -C(0,l)>3, 


N+1,N+1 


0<z<l. 


And,  by  property  (2.3)  for  a  reciprocal  argument. 


0  2 

log(z)  -  H  [z  :  (1,1), (1,1)  ;  (0,1), (0, 1)3  ,  *>1. 
2  2 


2  2 

5.4.8.  H  C*  :  (0,i),(0,i)  ;  (0,i),(0,i)3  . 

2  2 

By  section  3«3«  convergence  conditions,  with  ID  *  2  andE=L*0, 
H(z)  converges  for  all  z  such  that  z^0,  |z|  4  1  and  |arg  zl<TT, 
using  LHP  residues  for  |z|<  1  and  RHP  residues  for  |z|>l. 

There  are  an  infinite  number  of  LHP  poles  of  order  2  at  s^  * -2k, 
k*0,l,...,  so  that  equation  (5*14)  yields: 

HU)  *  £  V(1)(-2k)  «  V(0)(-2k)  •  W(0)(-2k) 

k*0  k*0 


V, 
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Ft(sk)  =  F2(sk)  =  (i-(-l)k.kl)"1 
F3(sk)  =  F4(sk)  =  P(k+  1)  =  kt 

Gi(0)(sk)  =  G2(0)(sk)  =  ir(k+l) 

G3(0)(sk)  =  G4(0)(sk)  =  -ir(k  +  l) 

V(0>(-2k)  =  (kl)2  z2k/(i-(-l)k*kl)2  =  4z2k 

W(0)(-2k)  =  r(k  +  l)  -  r(W  +  l)  -  log(z)  =  -  log(z) 

H(z)  =  4z2k(-log(z»  =  -41og(z)  ^  (z2)k 
k=0  k=0 

*  H(z)  =  -4log(z)/(l-z2)  =  2  log(z2)/(z2-  1)  . 

There  are  an  Infinite  number  of  RHP  poles  of  order  2  at  sk*2k, 
k  =  l,2,...,  so  that  the  negative  of  equation  (5.14)  yields: 

H(z)  =  -  XI  V(1)(2k) 
k=l 

Fj(sk)  =  F2(sk)  =  (k-  1)1  and  G1(0)(sk)  *  G2(0)(sk)  * k) 

F3(ek)  =  F4(sk)  =  (-i*(-l)k“1*(k-l)J)”1;  G3(°)(sk)  =  G4(0)(sk)*-iY'(k) 

V(0)(2k)  =  4z’2k  and  \/0)(2k)  =  -  log(z) 

H(z)  *  -  XZ  4z-2k(-log(z)  =  +  4  log(z)  z2  (*”2)k 
k=l  k*0 

*  H(z)  =  4  log(z)/(z2(l-  z-2))  =  2  log(z2)/(z2-  1)  . 

H(z)  converges  to  the  same  function  for  |z|  <  1  and  |z|>l. 


This  particular  H-  function  also  is  the  probability  density  function 
of  either  the  product  or  the  quotient  of  two  Half-Cauchy  variates, 


V, 
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and  the  above  result  agrees  with  the  known  result  obtained  without 
using  H-  functions  (21:158). 

3  3 

5*^*9.  H  [z  J -((O.i)}- ;  <(0,i)>3  ,  z^O,  z  f*  1,  |arg  z\<Tf  . 

3  3 

This  H(z)  is  the  probability  density  function  of  the  product  of 
three  Half-Cauchy  variates,  by  Theorem  4.1,  and,  as  in  section  5«^*8., 
LHP  evaluation  for  |z| <  1  and  RHP  evaluation  for  | z | > 1  converge  to 
the  same  elementary  function.  For  example,  there  are  an  infinite 
number  of  LHP  poles  of  order  3  *t  sk  =  -2k,  k  =  0,l,...,  so  that 
equation  (5«14)  gives  the  following: 

«.)  -fill  v“-r>(,k)-W<r>(.lt)/2I 

k=0  2!  k*0  r*0 

V(0)(sk)  =  (kt)3  ^  /  (i*(-l)k.kt)3  «  8(-z2)k 
W(0)(sk)  =  3-i*’0<  +  l)  -  3*iT(kf  1)  -  log(z)  •  -  log(z) 

W(1)(sk)  =  3<r(1)(l)/^)  -  3<'f'(1)(k+l)/4) 

*  3 <r(1)(DA>  *  3(^(1)0c^l)/4) 

•  (3/2)  Y'<1>(1) 

V(1)(sk)  -  (-8  log(t))(-z2)k 

V(2)(sk)  =  (-8  log(z))(-z2)k(-  log(z)  +  8( -z2)k(3/2)^(1)(l) 

H(z)  =  8C(log(t))2  ♦  (3/2)r(1)(l)3*  £  (-*2)k  /21 

k=0 

*  H(z)  *  ((log(z2))2  ♦  TT2)/(1 + z2)  (  as  expected  (21:159). 


V, 


} 

I 

! 
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*  5.5.  SECOND  NEK  FORMULATION 

The  Laplace  transform  of  an  H-  function  is  another  H-  function. 
This  f act  combined  with  any  numerical  inversion  technique  for  the 
Laplace  transform  provides  a  second  formulation  for  evaluating  an 
H-  function  inversion  integral. 

Instead  of  using  equations  (5.1*0  and  (5*15)  directly  to  find 
H(z),  one  can  do  the  following  steps,  providing  H(z)  is  of  exponen¬ 
tial  order,  that  is,  |h(z)|£M  exp(Az),  M  and  A  constants: 

1.  Use  equation  (2.12)  or  (3-8)  to  determine  the  form  for 
the  Laplace  transform  of  H(z),  H* (r). 

2.  Use  equations  (5*14)  and  (5«15)  to  evaluate  H’(r)  at 
the  values  r=a  +  k1Ti/.8Z,  k  =  0,1,2,  ...,N,  where  2  is  the  maximum 
value  of  z  for  which  H(z)  is  desired. 

3.  Using  these  values  of  H'(r)  in  equation  (4.14),  find 
H(z)  for  desired  values  of  z  with  Crump’s  method  for  numerical 
inversion  of  the  Laplace- transform,  section  4.5.3.,  where 

a  =  A  +  log(l/E)/(1.62) 

and  E  is  the  maximum  desired  decimal  error.  If  H(z)  is  a  probability 
density  function  or  a  cumulative  distribution  function,  then  A  *  0. 

4.  To  find  values  for  H(u)  du,  use  the  values  H' (r)/r 
in  equation  (4.14)  in  place  of  the  values  H' (r).  If  H(z)  is  a 
probability  density  function,  then  this  represents  the  cumulative 


1 


distribution  function 


CHAPTER  6 

APPLICATIONS  FOR  PRACTICAL  TECHNIQUE 
6.1.  GENERAL  REMARKS 

Determining  the  distributions  of  algebraic  combinations  of 
independent  random  variables  has  applications  in  virtually  every 
area  of  probability  and  statistics.  Therefore,  the  applications  in 
this  chapter  are  intended  to  prod  the  imagination  as  to  the  many 
potential  usages  and  not  to  delineate  the  extent  of  possible  usages. 

The  practical  technique  presented  in  section  4.5.  and  implemen¬ 
ted  by  the  computer  program  of  Appendix  B  can  be  used  to  find  the 
probability  density  function  and  the  cumulative  distribution  function 
for  any  of  the  following  cases: 

1.  A  single  H-  function  variate.  In  fact,  the  computer 
program  may  be  used  to  evaluate  any  H-  function. 

2.  Any  combination  of  products,  quotients,  and  rational 
powers  of  any  number  of  independent  H-  function  variates.  It  is  not 
required  that  the  variates  have  identical  or  even  similar  distribu¬ 
tions  . 

3«  The  sum  of  any  number  of  independent  H-  function 
variates.  Again,  the  variates  do  not  have  to  have  identical  or 
similar  distributions. 

4.  The  sum  of  any  number  of  terms  that  each  have  the  form 
1  above  for  case  2. 
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V. 
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Eldred  (7)  has  treated  distributions  of  the  present  worth  of 
probabilistic  cash  flow  profiles  that  involve  products,  quotients, 
and  powers.  He  also  indicated  the  need  for  treating  such  distribu¬ 
tions  that  involve  sums.  Mathai  and  Saxena  (18:82-91)  and  Springer 
(21:6-  9)  present  a  number  of  potential  applications  in  statistics 
that  involve  algebraic  combinations  of  random  variables.  For  exam¬ 
ple,  from  queueing  theory,  consider  a  service  facility  which  is  an 
N-  step  process,  where  the  distributions  are  known  for  the  service 
time  of  the  i-th  step,  i*l,...,N.  Then,  with  no  queues  between 
steps,  the  total  service  time  for  the  service  facility  is  given  by 


For  a  Monte  Carlo  simulation  of  this  service  facility,  knowing  the 
exact  cumulative  distribution  function  of  X^  is  more  desirable  than 
handling  the  N  X^  separately.  If  the  distributions  of  the  X^  are 
H-  function  distributions,  this  is  case  3  above  and  the  practical 
technique  of  section  4.5.  can  be  used  to  assist  in  the  simulation. 

An  especially  useful  characteristic  of  the  practical  technique 
is  that  the  variates  need  not  have  identical  or  even  similar  types 
of  H-  function  distributions.  This  characteristic  and  the  general 
properties  of  the  H-  function  can  be  exploited  in  the  application 
areas  of  the  sections  that  follow.  Each  of  these  areas  are  vast 
fields  of  study  so  that  only  a  few  examples  are  viven  to  indicate 
the  potential  applications.  However,  even  the  examples  cover  a  wide 
range  of  special  cases  that  until  now  had  to  be  treated  individually. 
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6.2.  DEVELOP? £1^  AND  STUDY  0 £  GENERALIZED  DISTRIBUTIONS 

Although  the  H-  function  distribution  is  the  most  general 
distribution,  there  is  still  much  study  that  can  be  done  for  given 
types  of  H-  functions.  For  instance,  by  Theorem  4.6,  the  function 

1  0 

H(x)  *  K  •  H  [cx  :  (b,B)J  (6.1) 

0  1 

is  a  probability  density  function  if  K*c/P(b  +  B).  Letting  a  =  l/B, 
p=(b+B)/B,  and  q*c-1/®,  (6.1)  becomes 

a(qp/a  P(p/a))-1  ^  "  1  exp(-x*/q)  , 

which  is  the  generalized  gamma  statistical  distribution  introduced 
by  Stacy  (22).  The  H-  function  form  is  not  only  "nicer",  but  much 
more  can  be  done  using  H-  function  properties  and  theorems.  This 
generalized  gamma  distribution  is  easily  seen  to  have  the  following 
special  cases: 

Gamma  distribution  (€,jS)  when  c*l/0,  b*6- 1,  B*  1. 
Exponential  distribution  when  c*l/0,  b*0,  B*  1. 

Chi-square,  9  degrees  of  freedom,  when  c*i,  b*£9-l,  B*  1. 
Weibull  distribution  for  c*9*^,  b*!-#"^,  Bx(5~*. 

Rayleigh  distribution  for  c*9^,  b*-£, 

Maxwell  distribution  for  c*l/9,  b»l,  B*i. 

Half-normal  distribution  for  c  =  (S-/5)"1,  b *  0,  B«*. 

By  systematically  varying  the  inputs  b,  c,  and  B  into  the  computer 
program  of  Appendix  B,  the  shapes  for  the  family  of  distributions 
represented  by  (6.1)  can  be  studied. 
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Also,  the  computer  program  can  be  used  systematically  to  study 
the  distributions  of  algebraic  combinations  of  independent  random 
variables  with  densities  of  the  form  given  by  (6.1).  For  example, 
investigation  of  the  class  of  H-  functions  of  the  form 

w  N  0 

(c/P(b  +  B))  *H  [cN  z  :  <(b,B)>3  (6.2) 

0  N 

is  equivalent  to  investigation  of  the  distribution  of  the  product  of 
N  independent,  identically-distributed  generalized  gamma  variates, 
using  Theorem  4.1. 

Or,  by  Theorem  4.3,  if  X^  is  a  random  variable  with  (6.1)  for 

2 

its  probability  density  function,  then  Y^  *  X^  has  the  probability 
density  function 

10 

(c2/r(b+B))  H  [c2  yi  :  (b- B,2B)  ]  .  (6.3) 

0  1 

If  Xi  is  a  standard  half-normal  variate,  (6.3)  reoresents  a  chi- 
square  distribution  with  one  degree  of  freedom.  Thus,  (6.3)  can  be 
used  in  a  "generalized  chi-square  test",  which  is  just  like  the 
well-known  chi-square  test  except  that  the  deviations  Xi  may  be  from 
any  common  generalized  gamma  distribution.  Then,  the  generalized 
chi-square  test  statistic  becomes 

w  *  i  h2  *  5^  Yi 

i=l  i=l 

with  probability  density  function,  from  section  4.5.,  given  by 
fw(w>  =  Lw-1,0H  |  |Cr/°2  «  (1-b-B, 2B)  ;  (0,1)3/T'(b4-B))N}.  (6.4) 
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And,  similarly,  an  even  more  generalized  chi-square  test  is 
possible,  using  the  practical  technique  of  section  4.5*  and  the 
computer  program  of  Appendix  B,  by  allowing  the  X^  to  have  any 
H-  function  distribution. 

6.3.  CHARACTERIZATION  CF  PROBABILITY  LAWS 

The  simple,  straight-forward  rules  for  finding  distributions  of 
algebraic  combinations  of  H-  function  variates  permits  rather  easy 
construction  of  examples  to  check  proposed  probability  laws.  For 
instance,  consider  the  proposal  that  only  the  quotient  of  two  normal 
variates  will  follow  a  Cauchy  distribution.  Much  work  has  been  done 
by  various  authors  to  construct  counter-examples  (292,294,295*296, 
300,305,307,342).  Such  counter-examples  are  easily  found  and  checked 
using  H-  functions. 

By  equation  (4.9),  the  half-Cauchy  distribution  is 
-1  1  1 

(etr)  H  C'y/e  :  (o.i)  ;  (0,£)J  ,  (6.5) 

1  1 

and,  by  Theorem  4.2,  the  quotient  Y*X^/X2  of  two  generalized  gamma 
variates  is 

(c1/(c2r'(b1rB1)P(b2+B2)))  * 

11 

•  H  [  c1 y/c?  :  (1  -  b2 -  ZB^Bp)  ;  (bltBj)J  .  (6.6) 

Equating  (6.5)  and  (6.6)  immediately  gives  e^cg/c^,  bi*bp*0,  and 
Bj»B2*i*  Therefore,  the  only  two  generalized  gamma  variates  whose 
quotient  is  Cauchy-distributed  are  half-normal  variates. 


133 


However,  one  can  find  many  other  types  of  H-  function  variates 
whose  quotient  has  a  half-Cauchy  distribution.  Consider  and  X2 
having  probability  density  functions,  respectively, 

1  0 

(c.IVl-b- B)/P(|))  H  [clXl  :  (0,£),  (b,B)  3  ,  and 

0  2 

2  0 

(c2/(P(*)P(l-b-B)))  H  Cc2x2  *  (0,i),(l-b-2B,B)D  . 

0  2 

Then,  by  Theorem  h.2,  the  probability  density  function  of  Y®X^/X2  is 
12 

(c./^TT)  H  Cciy/c2  s  (0,|),(b,B)  ;  (0,|), (b,B) 3  , 

2  2 

which,  using  property  (2.9),  reduces  to  the  half-Cauchy  distribution. 

Or,  consider  the  case  where  X^  and  X2  have  probability  density 
functions  that  are  the  same  type  of  H-  functions, 

1  1 

(Cir (b+|)/  (P  (i)P  ( l-a-i)))  H  CclXl  :  (a,i),(b,i)  ; 

21 

(0,i)D, 

1  1 

(c2P(-aH)/(P(i)P(m>-i)))  H  Cc?X2  :  (-b,*), (-a,i)  ; 

2  1 

(o,i>3  • 

Then,  by  Theorem  U.2,  the  probability  density  function  of  Y *  Xj/X2  is 
2  2 

(c1/c2ir)  H  Zc.y/c2  :  (a,i), (0,i), (b,i)  ;  (b,i), (0,i), (a,|) 3 . 

3  3 

which,  usintr  properties  (2.9)  and  (2.10),  reduces  to  the  half-Cauchy 
distribution.  If  a  * -b  and  =  c2*  then  X^  and  X2  are  identically 
distributed.  If  a  =  b=0,  then  the  distributions  for  and  X2  reduce 
to  the  form  (^/Pd-))*!!  ®  q  :  3  • 


As  another  example  of  using  H-  functions  to  study  probability 


laws,  consider  the  question  of  whether  a  distribution  exists  such 
that,  if  the  random  variables  X^  and  X2  follow  this  distribution, 
then  the  distribution  of  is  identical  to  that  of  X^/X£» 

From  Theorems  4.1  and  4.2,  it  is  evident  that  the  desired  distribu¬ 
tion  must  have  the  following  form,  with  m=n,  p  =  q,  and  c=  1: 
m  m 

K-H  [x  :  ;  {(^,^>>3  . 

q  q 

Next,  equating  the  product  and  quotient  formulas  in  those  theorems, 

2m  2m 

K*H  [  y  :  ■C(ai*Ai)}’  *i=l*****tT',  {  (ai»  Aj)  }  ,i=l,...,m, 

2q  2q 

{(a^A*)}  , i ®  m+1, . . . ,q,  >£(ai,Ai)>  ,i  *  m+1, . . .,q  ; 
■((bi.Bi)}  ,  -{(bi.Bi)}  ,  i  =  l, ...,«, 

■C(bi.3i)>  ,i*m+l,...,q,  {(b-^Bi)}  ,i  «  m+1,  .  .  .,q  J 

2m  2m 

=  K*H  Ly  :  •((ai,Ai)}’  ,i=  l,...,m,  {( 1-^-2^, %)>  ,i  =  l,...,m, 

2q  2q 

"C ,i  =  m+1, . • «,q,  {(l"b^-2B^»B^)}  ,i = m+1, . . .,q  ! 
*C »  i®l»««*»in,  ‘C(l_a^-2Aj*A^) J  ,  i=l,...,m, 
^(bi, ,i  =  m+1, .  «.,q,  l-a^-2A^»Aj ,i  =  m+l,  ...,q]. 

Thus,  for  all  i*l,...,q,  a^  *  1-^-2^  or,  equivalently,  b^  =  l-a^-2A^,, 
so  that  the  desired  distribution  is 
mm 

•  K*H  Cy  :  *C(ai»A1)>  ?  <Cl- ai"  Ai,Ai)>]. 

q  q 

For  m  =  q  = 1  and  (a, A) *  (l-a-2A, A) =  (0,i),  this  is  the  half-Cauchy 
distribution,  for  which  this  probability  law  was  known  (?98). 
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Therefore,  W  as  defined  above  represents  a  class  of  sums  of 
independent  generalized  gamma  variates  that  are  generalized  gamma 
variates.  If  =  1  and  c^k,  i  =  l,...,N,  then  we  have  the  well- 
known  fact  that  the  sum  of  independent  gamma  variates  with  common 

parameter  {5  is  gamma-distributed  with  parameter  0,  where  0  =  l/k  here. 

a 

If  -  B  and  c^=k  ,  i  =  l,...,N,  then  we  have  a  probability  law  that 
the  sum  of  the  p-th  powers  of  independent  generalized  gamma  variates 
with  parameter  B= l/p  is  a  generalized  gamma  variate  with  parameter 
B=  1.  A  well-known  case  of  this  is  the  chi-square  variate,  where 
the  Xj  are  normal  variates  with  b^  =  0  and  Bi  =  B  =  'i  (or  p  =  2) .  And, 
if  Bi*l  and  c^k/N,  then  f(w)  gives  the  distribution  of  the  mean 
of  N  independent  gamma  variates  with  common  parameter  0=N/k. 

H-  functions  do  not  simply  assist  in  a  more  general  characteri¬ 
zation  of  a  probability  law,  but  may  also  lead  to  a  different  type 
of  characterization.  By  first  defining  a  generalized  beta  variate 
as  a  random  variable  with  probability  density  function  of  the  form 

1  0 

H(x)  =  (c  P (a+A)/P (b+B))  H  £  cx  :  (a, A)  ;  (b,B)3 

1  1 

(see  section  5.^.3.  and  (4.8)  for  known  special  cases),  then  an 
H-  function  distribution  with  parameters  m+n£p  and  m+njq  can  be 
characterized  as  a  distribution  for  a  product  of  p-  n  generalized  beta 
variates  times  m+n-p  generalized  gamma  variates  divided  by  the  product 
of  q-i  generalized  beta  variates  times  m+n-q  generalized  gamma  vari¬ 
ates.  For  example,  while  not  derived  in  terms  of  products  of  such 
variates,  the  multivariate  test  criteria  of  the  next  section  appear  so. 
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6.4.  MT.TIVAg.rATE  TEST  CRITERIA 

To  test  various  hypotheses  on  the  paraneters  of  a  multivariate 
statistical  distribution,  one  of  the  standard  procedures  is  the 
likelihood  ratio  principle.  A  number  o*'  multivariate  test  criteria 
based  upon  likelihood  ratios,  first  introduced  by  Wilks  (35*0*  have 
the  property  that  their  moments  are  expressible  in  terms  of  products 
and  quotients  of  gamma  functions.  Esin?  the  formula 

f(x)  =  (aWi)"1  /c  E(xS_1)  x*s  ds,  (6.?) 

the  probability  density  function  f(x)  of  such  a  test  criteria  can 
often  be  expressed  as  an  H-  function. 

Vilks  defined  the  determinant  of  the  covariance  matrix  as  a 
scalar  measure  of  scatter  in  a  multivariate  distribution,  using 
U=  InSl  where  S  is  the  sample  sum  of  product  matrix  with  n  decrees 
of  freedom.  Then,  following  Mathai  (33®)*  if  the  sample  is  *rom  a 
multivariate  normal  distribution  (central  case),  then 


E(I!S_1)  =  2p(s'1)  TT  P(i(n+l-i)  +  s-  l)/r(i(n+l-i))  . 
i=l 


Thus,  from  (6.7), 


p  0 

f(T0  =  K*H  C0/2P  :  (|(n- 1- l),l),...,(|(n- 1- p),l)3, 

0  p 

where  K  is  given  by  (4.29). 

To  test  the  hypothesis  that  the  diagonal  elements  are  equal 
given  that  the  covariance  matrix  in  a  multinormal  distribution  is 
diagonal,  the  statistic  W  is  used.  W  is  the  likelihood  ratio  to  the 
power  2/N,  where  N  is  the  sample  size.  From  Mathai  (339),  vith  n*N-l, 
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«  ,  pP(s_1)  rp(jn+s-l)  F(inp) 

ECW5'1)  =  - - -  » 

rP(i n)  r(inp  +  p(s-l)) 

and,  from  (6.7),  with  K  again  given  by  (4.29), 

p  0 

f(W)  *  K*H  Cw/pp  :  (inp-p,p)  ;  {(in- 1,1)>3  • 

1  P 

Similarly,  from  Mathai  and  Rathie  (3^0),  for  the  criterion  Wj 

to  test  the  hypothesis  that  the  covariance  matrix  of  a  multinormal 

distribution  is  diagonal, 

,  ,  p P(®-1)  r(jnp)  P  r* (i(nrl-i)  +  s  -  1) 

E(W1S-1)  =  - IT - 

T* (inp  +•  p(s-l))  i=1  r* (i(n+l-i )) 

P  0 

and,  fOv^)  =  K-H  CWj/pP  :  (inp  -  p,p)  ;  -C(i(n-l-i),l)>  ,i«l,...,p]. 


where  K  is  given  by  (4.29). 

Consul  (327)  showed  that,  for  Filk’s  likelihood  ratio  criteria 
for  testing  the  linear  hypothesis  about  regression  coefficients, 


E(US"1)  =  K-r»  (i(n-t-l-i)  +  s  -  l)/r  (i(n+m+l-i)  +  s  -  1) . 
Kair  (349)  referred  to  U  as  Wilk's  generalized  correlation  ratio. 
Applying  (6.7),  with  K  again  given  by  (4.29), 

P  0 

f(U)  =  K*H  [U  !  {(i(n+iB-l-i),i)>  ;  {(i(n-l-i),  1)>], 
P  P 


where  i*l,...,p.  Consul  (327)  expressed  f(U)  in  terms  of  other 
known  special  functions  for  p*l,  p  a  2,  p=3  with  m*l,...,8,  and 
p = 4  with  m *  1, . . .,8.  For  examples: 

If  p=  1,  then  f(U)  =  Cj  U^1-  1(1-  U)^1'  1  ,  0<U<1  ; 

If  p  *  2,  then  f(U)  =  C2  U^”"^(l  -  U^)"~  1  ,  0<U<1  * 
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If  p=  3  and  m=  3,  then,  for  0<U<1,  f (U)  = 

C3  U^n'2((l-U)3^2-30^arcsin(l-U)^-t-3U*log(u'^+(U-1-l)^))  ; 

And,  if  p=  3  and  m  =  4,  then,  for  0<U<1, 

f(U)  =  C4  U^n-2(1-  U2  +  8U^(1-  U)-  60*logU)  , 
where  Cj,  C2*  Cy  and  C4  are  constants. 

Also  expressible  as  H-  functions  are  the  distributions  of 
Votaw's  criteria  for  testing  compound  symmetry  of  a  covariance 
matrix  (329)  and  Bartlett's  criteria  for  testing  equality  of  the 
covariance  matrices  in  a  set  of  independent  multinormal  populations 
(18:8?).  The  sum  of  independent  variates  defined  by  likelihood 
ratios  was  the  subject  of  a  recent  study  on  the  detection  of  radar 
targets  of  unknown  Doppler  frequency  (21:6). 

6.5.  SYSTEM  EFFECTIVENESS 

An  extremely  important  area  of  application  for  determining 
distributions  of  algebraic  combinations  of  independent  random 
variables  is  the  usage  of  hypothesis  testing  and  other  statistical 
methods  in  analyzing  system  effectiveness,  particularly  for  research 
and  development  or  for  operational  testing  and  evaluation  within  the 
U.  S.  Department  of  Defense.  The  problems  associated  with  evaluating 
weapon  system  effectiveness  were  sufficiently  important  for  the  Air 
Force  Systems  Command  to  form  the  Weapon  System  Effectiveness  Industry 
Advisory  Committee  (VSEIAC)  in  1963»  comprised  of  both  industry  and 
Department  of  Defense  personnel,  each  approved  by  the  Secretary  of  the 
Air  Force.  A  primary  objective  of  the  WSEIAC  effort  was  to  recommend 
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a  methodology  for  measuring  and  predicting  system  effectiveness  in 
all  phases  of  the  life  of  a  weapon  system.  The  V.'SEIAC  findings  were 
published  in  eleven  volumes  in  19^5  (353:v. 65-6,1  -  3)* 

The  V'SEIAC  methodology  was  based  upon  defining  effectiveness  E 
as  the  product  of  three  random  variables:  availability  A,  dependa¬ 
bility  D,  and  capability  C.  A  is  a  measure  of  the  condition  of  the 
system  at  the  start  of  a  mission,  when  the  mission  is  required  at  an 
unknown  (random)  point  in  time.  D  is  a  measure  of  system  condition 
during  the  performance  of  the  mission,  given  its  condition  at  the 
start.  And,  C  is  a  measure  of  the  results  of  the  mission,  given  the 
system  condition  during  the  mission.  Thus,  knowing  the  effectiveness 
of  a  weapon  system  for  accomplishing  a  given  mission  depends  on  being 
able  to  determining  the  distribution  of  a  product  of  three  variates, 

E  ■  A-D*C  (353:v.65-6,8  -  9)*  The  V'SEIAC  volumes  contain  many  examples 
based  upon  this  effectiveness  model,  including  a  tactical  fighter 
bomber  system,  a  radar  surveillance  system,  a  spacecraft  system,  and 
an  intercontinental  ballistic  missile  system  (353:v. 65-2-2, 72-97; 
353:v. 65-2-3, 22-50, 67-132). 

Each  of  the  random  variables  A,  D,  and  C  may  also  be  expressed 
as  a  product  of  the  corresponding  factors,  A^,  D^»  or  C^,  for  the 
sub-systems  or  components  of  the  system.  For  example,  the  effect¬ 
iveness  of  the  lighter  bomber  system  depends  uoon  the  effectiveness 
of  many  avionics  sub-systems,  including  communications,  navigation, 
engine,  flight  controls,  target  identification,  penetration,  and 
delivery  method.  The  effectiveness  of  a  system  with  N  sub-systems  is 
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riven  by 


N  N  N  N  N 

E  =  A«D*C  =  ll  •  IT  Di  •  "TT  C<  =  “IT  AjDjC^  =  TT  E*  . 
i=l  i=l  i=l  i=l  i=l 


Thus,  if  the  distributions  of  availability,  dependability,  and 
capability  are  known  for  the  sub- systems,  then  the  overall  system 
effectiveness  distribution  is  equal  to  the  distribution  of  the 
product  of  3N  random  variables. 

Another  WSEIAC  consideration  is  total  mission  effectiveness. 
If  a  mission  can  be  accomplished  by  more  than  one  weapon  system  or 
by  more  than  one  method  of  using  the  same  system,  then  the  total 
mission  effectiveness  can  be  expressed  as  a  linear  combination  of 
the  effectivenesses  of  the  different  systems  or  methods.  That  is. 


E  =  >  Pk 'Efc  ,  where  >  *  1  . 

k  k 

Using  the  fighter  bomber  system  as  an  example  (353:v. 65-2-3, 22 -  5^)* 
there  are  three  possible  bomb  delivery  systems:  lay-down  with 
effectiveness  E^,  visual-toss  with  Ey  ,  and  blind-toss  with  Eg. 
Then  the  delivery  mission  effectiveness  is  given  by 

E  =  Pj(*E^  +  Py*Ey  +  Pb  *  where  P^  +  Py  +  Pb“  1  * 
and  P  l  *  P  y  i  and  PB  are  constants  as  defined  below: 

P^  *  probability  of  daytime  mission  x  probability  of 
visual  flicht  conditions  x  probability  that  the 
lay-down  system  is  preferred  over  visual- toss. 

Py*  P(daytime  mission)  x  P(visual  flight  conditions) 
x  P(visual-toss  preferred  over  lay-down). 

Pg*  P{night  mission)  x  P(instrument  flight  required). 
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The  WSEIAC  study  also  addressed  the  treatment  of  costs  as 
variables.  Cost  effectiveness  of  a  system  or  a  sub-system  can  be 
defined  as  the  quotient  of  system  effectiveness  and  the  total  system 
cost.  Kany  different  models  with  system  cost  equal  to  algebraic 
combinations  of  variates  are  presented,  ^or  example,  the  total  cost 
of  a  small,  mobile,  short-range  weapons  launcher  is  given  by 

C T  =  M’ci  +  cf  +  cs  +  ^  » 

where  =  incremental  cost  separate  from  fixed  costs,  for 

producing,  supporting,  and  maintaining  one  unit,  ; 

Cf  *  fixed  or  sunk  costs  for  production, 

Cs  =  total  system  support  cost, 

-  total  system  maintenance  cost,  j 

M  =  number  of  units,  may  be  considered  as  a  constant 
or  as  a  variate  (353sv.65-6, 128  -  13&). 

j 

Abraham  and  Prasad  (325)  also  consider  cost  as  a  random  variable 

equal  to  an  algebraic  combination  of  independent  random  variables  and  I 

I 

provide  examples  with  some  simple  distributions  for  estimating  ! 

manufacturing  cost.  Other  aerospace  applications  involving  products 
and  quotients  of  independent  random  variables  are  discussed  by 

Donahue  (291,330).  s 

» 

\  \ 


%■ 


CHAPTER  7 


V 


CONCLUSION  AND  RECOMMENDATIONS 

» 

The  main  purpose  of  this  dissertation  has  been  to  demonstrate 
'  a  practical  technique  for  determining  the  probability  density 

"  function  and  the  cumulative  distribution  function  of  a  sum  of  any 

number  of  terms  involving  any  combination  of  products,  quotients 
and  powers  of  H-  function  variates.  This  has  been  accomplished  in 
section  4.5.  and  the  implementing  computer  program  of  Appendix  B. 

On  the  road  to  accomplishing  this  purpose,  other  contributions  have 
resulted . 

In  trying  to  learn  everything  now  known  about  H-  functions  and 
the  H-  ■'"unction  distribution,  one  quickly  becomes  aware  that  this 
study  area  has  tremendous  potential  for  new  discoveries.  Just  from 
an  effort  to  understand  basic  H-  function  properties,  many  new 
formulas  have  been  found,  including  relations  between  H-  functions 
and  known  named  functions  or  lower  order  H-  functions  in  sections 
2.3*  through  2.?.,  4.6.  and  5.4.,  derivative  formulas  for  special 
cases  in  section  2.7.,  and  improved  transform  and  derivative  formulas 
in  section  3*7. 

*  Similarly,  investigation  of  the  evaluation  of  the  H-  function 
by  summing  residues  has  led  to  an  improved  formulation,  given  in 

*  section  5*3*«  and  has  pointed  out  the  need  to  formally  establish 

«  guidelines  for  when  left-half-plane  versus  right- half- plane  summation 
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of  residues  will  converge.  Hence,  in  chapter  3>  evaluation  guide¬ 
lines  have  been  established  for  the  general  Mellin-  Barnes  integral 
and  the  H-  function  and  have  been  applied  to  known  special  cases, 
the  Laplace  transform,  and  the  derivatives  of  the  H-  function.  For 
a  convergent  H-  function,  the  Laplace  transform  and  all  derivatives 
of  the  Laplace  transform  have  been  shown  to  converge.  Since  the 
Laplace  transform  of  an  H-  function  is  also  an  H-  function  of 
readily  known  form,  a  second  new  formulation  for  evaluating  the 
H-  function  has  been  addressed  in  section  5*5*  This  consists  of 
using  the  first  new  formulation  to  find  values  for  the  Laplace 
transform,  which  are  in  turn  used  to  numerically  invert  the  Laplace 
transform.  The  first  new  formulation  can  also  be  used  to  find  more 
relations  between  H-  functions  and  other  named  functions,  such  as 
the  new  relations  found  in  section  5.k, 

A  remarkably  rewarding  area  has  been  the  study  of  the  cumulative 
distribution  function  of  an  H-  function  distribution.  First,  by 
section  4.6.,  the  cumulative  distribution  function  has  been  shown  to 
be  an  H-  function,  and,  by  section  4.8.,  it  has  been  shown  to  con¬ 
verge.  Second,  a  more  efficient  way  to  compute  the  cumulative 
distribution  function  of  an  H-  function  variate  or  of  a  sum  of 
H-  function  variates  has  been  employed,  by  using  those  calculations 
made  for  the  probability  density  function.  Third,  expressing  the 
cumulative  distribution  function  as  an  H-  function  not  only  has  led 
to  new  relations  in  section  4.6.  between  particular  H-  functions  and 
other  named  functions,  but  has  also  filled  in  a  gap  for  understanding 


certain  orders  of  H-  functions.  And,  fourth,  the  study  of  the 
cumulative  distribution  function  has  led  to  a  formula  for  finding 
the  constant  for  the  H-  function  distribution,  given  in  section  4.7« 

The  following  recommendations  are  made  for  directions  of  future 
work  on  H-  function  distributions: 

1.  A  practical  technique  needs  to  be  developed  for  finding  the 
probability  density  function  of  the  difference  of  two  H-  function 
variates.  A  method  is  also  needed  to  find  the  probability  density 
function  of  the  product  or  quotient  of  sums  of  H-  function  variates. 

2.  H-  functions  have  not  yet  been  applied  to  the  study  of 
combinations  of  dependent  variates.  It  is  possible  that  multi- 
variable  H-  functions  or  H-  functions  of  matrix  argument  might  be 
useful  here.  Mathai  and  Saxena  (18)  list  references  for  such  types 
of  H-  functions  and  devote  a  few  chapters  to  them. 

3.  Osage  of  K-  functions  to  treat  probability  density  functions 
defined  over  the  entire  real  line  is  another  unexplored  realm.  The 
positive-negative  component  methods  developed  by  Epstein  (8)  and 
Springer  and  Thompson  (320,321)  should  accommodate  such  usage, 
particularly  for  distributions  symmetric  about  zero. 

4.  For  evaluation  of  an  H-  function  by  summation  of  residues, 
analysis  is  needed  to  relate  the  number  of  poles  evaluated  to  the 
error  in  the  u-  function  value,  especially  for  large  values  of  the 
argument.  Error  analysis  could  also  be  done  for  numerical  inversion 
of  the  Laplace  transform,  where  the  Laplace  transform  is  a  product  of 
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c>.  Including  the  two  methods  presented  in  section  4.5.,  the 
various  methods  for  numerical  inversion  of  the  Laplace  transform 
(230  -  242)  could  be  compared  with  respect  to  their  appropriateness 
and  computational  efficiency  for  inverting  a  product  of  Laplace 
transforms  of  H-  functions. 

6.  The  more  one  studies  the  H-  function,  the  more  suited  it 
seems  for  analyzing  probability  distributions.  Some  additional 
theoretical  advances  would  be  most  welcome.  For  example,  for  the 
distribution  of  a  sum  of  H-  function  variates,  a  closed-form 
solution  would  be  very  desirable,  since  this  would  eliminate  the 
numerical  inversion  requirement  and  possibly  lead  to  a  method  for 
handling  products  and  quotients  or  sums  of  H-  function  variates. 

Also  very  worthwhile  would  be  the  establishment  of  the  conditions 
on  the  H-  function  parameters  that  are  necessary  for  the  sum  of 

H-  function  variates  to  have  an  H-  function  distribution.  At  present 
only  certain  special  cases  are  known,  such  as  the  sum  of  gamma  vari¬ 
ates  being  a  gamma  variate  and  the  sum  of  normal  variates  being  a 
normal  variate.  The  H-  function  parameter  conditions  necessary  for 
an  H-  function  to  be  a  probability  density  function  also  need  to  be 
established. 

7.  From  the  section  3*3*  convergence  conditions,  when  an 
H-  function  is  Type  VI  with  Li-1  or  is  Type  V,  then  it  cannot  be 
evaluated  at  the  point  l/(cR)  by  summation  of  residues.  Another 
means  should  be  found  to  compute  the  H-  function  value  at  this  point. 
Many  H-  functions,  including  the  half-Cauchy,  half-Student,  and  F 
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distributions,  fall  into  this  category. 

8.  The  application  of  H-  functions  to  the  fitting  of  curves 
to  data  should  definitely  be  studied.  Being  the  most  general  of 
the  special  functions  and  having  easily-determined  derivatives  and 
moments,  the  H-  function  appears  to  be  as  suitable  for  curve- fitting 
as  it  has  been  for  analyzing  probability  density  functions  of 
algebraic  combinations  of  independent  random  variables. 

During  this  research  effort,  to  quote  Isaac  Newton,  "I  seem 
to  have  been  only  like  a  boy  playinp  on  the  seashore,  and  diverting 
myself  in  now  and  then  finding  a  smoother  pebble  or  a  prettier  shell 
than  ordinary,  whilst  the  great  ocean  of  truth  lay  all  undiscovered 
before  me."  I  must  thank  God,  the  Creator,  for  this  new  world  to 
which  He  has  introduced  me.  This  research  area  should  be  equally 
exciting  and  rewarding  to  everyone  that  pursues  it.  Hopefully, 
each  new  pursuer  will  discover,  as  I  have,  that  there  is  just  as 
much  excitement  and  reward  in  the  pursuit  as  in  the  actual  attain¬ 
ment  of  any  objective. 
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*  APPENDIX  A:  COMPUTE?  MANIPULATIONS  REQUIRED  TOP  EVALUATION 
OF  AN  H  -  FUNCTION 

Let  NP  =  number  of  poles  evaluated 

NZ  =  number  of  values  of  z  (independent  variable) 

sk  »  k-th  pole 

r^  =  order  of  the  k-th  pole 

rnk  =  or^®r  H(z)  numerator  poles  at  sk 

r^^  =  order  of  H(z)  denominator  poles  at  sk 

A.l.  ELDRED'S  FORMULATION  (section  5.2.) 

To  compute  sk,  k=l,...,NP: 

NP(q-t-p)  +*s  (additions  and  subtractions) 

NP(q  +■  p)  **s  (multiplications) 

To  compute  V^(sk)  and  X^(sk)  for  t =  1, . . .,rk-l,  k=l,...,NP: 

(rk-l)  +  fl  INT((rk-l)/2)  •  (r^  +  r.) 
k=l 

+  's,  *’s,  and  /’s  (divisions), 
where  INT(x)  is  the  integer  part  of  x. 

(q+p)  (rk-l)  +  INT((ru-l)/2)  Y" S  (psi  functions) 
k=l 

To  compute  C^(sk)  and  U^^(sk),  k=l,...,NP: 

NP(m  +  n)  +  ^  (r^  +  3  rdk)  *'s 
k=l 

NP(q-m  +  p-n)  +  rk  /'s 


(q  +  P)  fl 

k=l 


NP(q+p)  P’s  (gamma  functions  and  factorials) 


V, 
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k=l 


(rnk  +  rdk>  **'s  (P01*1,8) 


To  compute  C^^(sk)  and  U^)(sk)  for  t =  1, . ..,rk-l,  k=l,...,NP: 

£  rk(rk-i)  +  '« 
k=l 

|£rk(rk-l)  *'s 
k=l 


k=l 


k(rk-l)  /'a 


To  compute  WSUM(w,z)  =  5Z  (y)(-log(*))*^V  u^(sk)  for 


v=0 


w 5  0|  •  •  ly  k  =  1|  •  •  NP • 
NP 


NZ(  2Z  irk(rk+1)  )  +*s  and  /'s 

k=l 


NP  NL 

3  NZ(  Wrv  +  1}  )  +  NZ  2Z  rk  *'s 

k=l  k=l 

To  compute  H(z)  =  +  (z  S></(rk-l)l)  £  C^r*r’1"w^(sk) 


k=l 


WSUM(w,z)3  : 


NP  !»s 

i  (factorials) 

NP  •  NZ 

**’s 

NP'NZ  + 

NZ 

rk  +*s 

k=l 

NP'NZ  + 

(NZ  ♦  2) 

£n, 

’•NZ  +  £ 


k=l 


NP'NZ  +  2_  rk  /'s 
k*l 
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A. 2.  NEW  FORMULATION  (section  5.3.) 

To  compute  sk,  k=l,...,NP:  same  as  Eldred's  for  sk« 

To  compute  W^(sk)  for  t *  0, ...,rk-2,  k*l,...,NP,  without 
the  (-log(z))  term  on  W^)(sk): 

Same  as  Eldred's  for  V^^(sjj)  and  X^^(sk)« 

To  compute  V^(sk)  without  the  z“sk  term,  ksl,...,NP: 

Same  as  Eldred's  for  c(°)(sk)  and  V^(sk),  except  that, 
when  r,  > 1 ,  there  are  an  additional  NZ  +'s  for  adding  (-log(z))  in 
W(0)(sk). 

To  compute  V^rk~1\sk): 


NP*NZ  **'s 


NZ 


irk(rk-l) 


+  's  and  /’s 


NP*NZ  +■  3  NZ  irk(rk'1)  *'s 
k=l 

To  compute  H(z)  =  +  >  V^***5  1  ^ (sk )/ (r^— 1 ) S  : 

k 

NP*NZ  +  's  and  /'s 
NP  J's 
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A. 3.  NTIMPER  OF  OPERATIONS  SAVED  3Y  NEW  FORMULATION 

JL  JL 

>  r.  (rk-l)  +  M.2Z  (2*k-I)  » 


+’s 


••s 


/• 


,  <  rkvrk  .  , 

k=l  k=l 

where  1=1  if  rk  >1  and  I  =  0  if  rk  =  1  ; 

minimum  saving  occurs  when  all  rk*  1  and  then  is  2*NP»NZ. 

4  £  rk(rk-l)  *  (5*MZ  +  2)  rk  ; 

2  k=l  k=l 

minimum  saving  when  all  rk =  1  is  NP(5*NZ  ♦  2)  . 

NF  JJL 

i  2_  rk(rk-l)  +  <NZ  +  *>  II  rk  * 


k=l  "  "  k=l 

minimum  saving  when  all  rk *  1  is  NP(NZ  +  1)  • 

Total  operations  saved: 

NP  JE. 

>  rk(rk-l)  +  (8*NZ  +  3)  2_  **k  -  NZ-NPG1  , 


k=l 


k=l 


where  NPG1  is  the  number  of  poles  evaluated  with  rk  1  . 

If  all  poles  are  order  1,  then  NP(8*NZ  +  3)  additions,  subtrac¬ 
tions,  multiplications  and  divisions  are  saved.  If  all  poles  are 
order  r*  >  1,  then  NP(  NZ(8r*-l)  +  3r')  operations  are  saved. 

For  large  NZ  compared  to  r’,  the  total  number  of  operations  saved 
by  the  new  formulation  is  of  the  order  NP*NZ(8r'  -  1)  . 

If  all  poles  are  order  r,  the  number  of  operations  saved  will 
increase  linearly  with  r,  but  savings  will  be  a  decreasing  percentage 
of  total  operations,  which  increase  as  r2.  For  example,  with  q+p*20 
and  NZ  *  100,  the  percent  savings  for  +-’s,  *'s  and  /’s  combined  for 
r=  1,2,5,10  are  62.4*,  56.5*,  40.2 i,  25.7 <,  respectively. 


; 


i 
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APPENDIX  B:  COMPUTER  PROGRAM  -  B.l.  FORTRAN  LISTING 
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.THIS  PROGRAM  MAY  BE  USED  TO  EVALUATE  A  GIVEN  H-FUNCT  T  ON 
.OR  10  DE  TERMINt  THE  PROBABILITY  DENSITY  FUNCTION  (P.D.F.) 

.AND  THE  CUMULATIVE  DISTRIBUTION  FUNCTION  (C.D.F.)  FOP 
.THE  SUM  OF  ANY  NUMBER  OF  TERMS  INVOLVING  ANY  COMBINATION 
.OF  PRODUCTS.  QUOTIENTS.  AND  RATIONAL  FOWFRH  (ir  ANY  NUMBER 
.OF  INDEPENDENT  RANDOM  VARIABLES  WITH  H-FUNCTION  D1S TRI DU f IONS . 


.IVY  D.  COOK.  JR..  PH.D.  DISSERTATION.  MAY.  1  Vfll 
.THE  UNIVERSITY  OF  TEXAS  AT  AUSTIN 


.INPUT  DATA  CARDS  (FREE  FORMAT) 

....CARD  i:  ZO.ZN.DZ.NS.  IDT.MRrMI  .PCT.NY.NF- 

ZO  -  FIRST  POINT  FOR  EVALUATION-  MUST  BE  A  NON-NEGATIVE 
REAL  VALUE  OR  THE  PROGRAM  WILL  GIVE  A  DEFAULT  VALUE 
OF  ZO~DZ .  INPUT  OF  ZO'O.O  IS  PERMITTED  FOR  USER- 
CONVENIENCE.  BUI  FIRST  Z  VALUE  EVALUATED  WILL  BE  DZ . 

ZN  =  LAST  POINT  FOR  EVALUATION.  MUST  BE  A  POSITIVE  REAL 
VALUE  GREATER  THAN  ZO  BY  AT  LEAST  l.E-10. 

DZ  =  STEP  SIZE.  MUST  BE  A  POSITIVE  REAL  VALUE  NOT  LESS 
THAN  l.E-10  OR  THE  PROGRAM  WILL  GIVE  A  DEFAULT 
VALUE  THAT  RESULTS  IN  100  STEPS.  IF  DZ  IS  SUCH 
THAT  THERE  WOULD  BE  MORE  THAN  1000  STEPS.  THEN  THE 
PROGRAM  LOWERS  ZN  TO  THE  VALUE  FOR  1000  STEPS 
(DUE  TO  DIMENSION  OF  PROGRAM  ARRAYS). 

NS  -  NUMBER  OF  TERMS  IN  THE  SUM.  MUST  BE  A  POSITIVE 
INTEGER. 

IDT  =  1,  IF  ALL  TERMS  IN  THE  SUM  ARE  IDENTICALLY  DISTRIBUTED! 
OTHERWISE.  LET  IDT=0  (OR  ANY  INTEGER  VALUE  EXCEPT  1). 

IF  NS=1.  PROGRAM  WILL  SET  IDT=0. 

MP  =  MAXIMUM  NUMBER  OF  POLES  TO  BE  EVALUATED.  MUST  BE  A 
POSITIVE  INTEGER.  IF  MP  IS  GREATER  THAN  100,  THE 
PROGRAM  WILL  GIVE  A  DEFAULT  VALUE  OF  100. 

MI  -  NUMBER  OF  COMPLEX  VALUES  EVALUATED  IN  THE  CRUMP  METHOD 
FOR  NUMERICAL  INVERSION  OF  A  LAPLACE  TRANSFORM,  ANY 
INTEGER  VALUE  CAN  BE  ENTERED  IF  NS*1  AND  NY=1.  BUT 
MUST  BE  A  POSITIVE  INTEGER  VALUE  IF  NS  IS  GREATER 
THAN  I.  IF  NS=1  AND  MI  IS  LESS  THAN  1,  THE  PROGRAM 
WILL  SET  NY=1.  IF  MI  IS  GREATER  THAN  1001,  THEN  THE 
PROGRAM  WILL  GIVE  A  DEFAULT  VALUE  DF  1001  (DUE  TO 
DIMENSION  OF  PROGRAM  ARRAYS). 

F"CT=  PROPORTION  OF  MAXIMUM  Z  VALUE  TO  BE  USED  TO  FIND  THE 
VALUE  FOR  THE  CRUMP  AXIS  POINT,  MUST  BE  A  POSITIVE 
REAL  VALUE  BETWEEN  0.05  AND  Z.l  OR  THE  PROGRAM  WILL 
GIVE  A  DEFAULT  VALUE  OF  1.0. 

NT  =  I,  IF  THE  P.D.F.  AND  C.D.F.  FOR  EACH  TERM  UF  THE  SUM 
ARE  DESIRED!  OTHERWISE.  LEI  NY  =  0  (OR  ANY  INTEGER 
VALUE  EXCEPT  1). 

FOR  MI  GREATER  THAN  0  AND  NS'lt  THE  PROGRAM  EVALUATES 
THE  H-FUNCT  ION  BY  SUMMATION  OF  RESIDUES  IF  NY--1  AND 
BY  THE  CRUMP  METHOD  FOR  NUMERICAL  INVERS1UN  OF  A 
LAPLACF  TRANSFORM  IF  NY  IS  NOT  1  (WHERE  THE  LAPLACE 
TRANSFORM  VALUES  ARE  FOUND  BY  SUMMATION  OF  RESIDUES). 

NR  =  1,  IF  PLOTS  OF  THE  P.D.F.  AND  THE  C.D.F.  ARE  DESIRED! 
OTHERWISE,  LET  NY=0  (OR  ANY  INTEGER  VALUE  EXCEPT  I). 


V. 
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c 

C . CARD  2:  NI..T  (  IS)  .  is-l  .NS 

C 

C  NLT(IS)  =  THE  NUMBER  GF  THE  LAST  VARIATF  (COUNTING  ANY 

C  CONSTANTS)  IN  THE  IS-TH  TERM  OF  THE  SUM, 

C  MUST  BE  POSITIVE  INTEGERS  SUCH  THAT 

C  NLI ( IS )  IS  GREATER  THAN  NL  r ( IS-1 ) , IS-2 » NS . 

C 

C  IF  IDT  -1 »  ONLY  NLT(l)  NEEDS  T1J  BE  ENTERED. 

C 

C . CARD  1  TO  CARD  NLT(NS)+2!  NV,  THETA. PHI  ,PUW 

C 

C  NV  =  TYPE  OF  VARIATE  (SEE  BELOW).  MUST  BE  A  POSITIVE 
C  INTEGER  FROM  1  TO  14. 

C  THETA  -  VARIATE  PARAMETER.  MUST  BE  A  POSITIVE  REAL  VALUE 
C  GREATER  THAN  l.E-10  UNLESS  NV=4  OR  NV-ti. 

C  PHI=  VARIATE  PARAMETER.  MUST  BE  A  NON-NEGATIVE  REAL  VALUE 
C  AND.  IF  NV  2.  5,  7.  OR  10.  MUST  BE  GREATER  7  HAN 

C  l.E-10. 

C  POW=  POWER  70  WHICH  VARIATE  IS  TO  BE  RAISED.  MUST  BE  A 

C  POSITIVE  OR  A  NEGATIVE  (QUOTIENT)  NON-ZERO  REAL 

C  VALUE.  IF  THE  MAGNITUDE  OF  POW  IS  LESS  THAN  l.E-10. 

C  THE  PROGRAM  WILL  GIVE  A  DEFAULT  VALUE  OF  1.0. 

C 

C . . .TYPES  OF  VARIATES 
C 

C  NV  =  1,  RAYLEIGH  VARIATE  <  WE  I  BULL  WITH  F’HI^Z) 

C 

C  PDF ( X )  -  2  *  THETA  *  X  *  EXP(-  THETA  *  X**2> 

C 

C  NV  =  2.  WE  I  BULL  VARIATE 
C 

C  PDF ( X )  =  THETA  *  PHI  *  X**<PHI-1>  *  EXP<-  THETA  *  X**FHI ) 

C 

C  NV  -  3.  CONSTANT  THETA 
C 

C  NV  -  4,  H-FUNCT ION  VARIATE 
C 

C  PDF ( X )  =  THETA  *  H(PHI  *  X) 

C 

C  IF  NV  4.  THE  REMAINING  H-FUNCTION  PARAMETERS  MUST  BE 

C  ENTERED  AS  ADDITIONAL  CARDS! 

C  EXTRA  CARD  1!  M.N.P.O  (NON-NEGATIVE  1N1LGEKS) 

C  P  NOT  LESS  THAN  N,  G  NOT  LESS  THAN  M . 

C  M+N  AND  P+G  NOT  ZERO  AND  NOT  GREATER  I  HAN  20 

C  (DUE  TO  DIMENSION  OF  PROGRAM  ARRAYS.  IN  FACT  IHF 

C  '  SUM  OF  P+G  FOR  ALL  VARIATES  IN  A  TERM  MUST  NOT 

C  EXCEED  20). 

C  EXTRA  CARD  2!  ( A ( I ) . GA ( I ) ) . I - 1 »p 

C  ALL  REAL.  CiA(I)  POSITIVE. 

C  DELETE  THIS  CARD  IF  P^O. 

C  EXTRA  CARD  3!  ( F ( I > . GB ( I > ) . 1  - 1  , 0 

C  ALL  REAL.  GB(I>  POSITIVE. 

C  DELETE  THIS  CARD  IF  0-0. 

C 

C  FOR  NV=4,  IF  DESIRED.  ENTER  THETA=0  AND  THE  PROGRAM 

C  WILL  COMPUTE  THE  H-FUNCTION  DISTRIBUTION  CONSTANT 


FOR  NV*4,  A  NEGATIVE  THETA  MAY  BE  ENTERED 


V, 


■*■'>&**  -u. 
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•  r. 

,  C  NV  =  5.  EXPONENTIAL  VARIATE  (GAMMA  WITH  THETA-1  ) 

C 

C  PHP(X)  =  ( l/FHI )  *  EXF'<  -  X  /  PHI) 

C 

g  C  NV  -  (,,  CHI -SQUARE  VARIATE  WITH  THETA  DEGREES  Or  FREEDOM 

C  (GAMMA  UITH  PHI^S  AND  THET  A~THE  T  A/2  > 

C 

-  C  NV  =  7,  GAMMA  VARIATE 

C 

C  PDF ( X )  =  X**(THETA-1>  *  EXP'-  X  /  PHI) 

C  /(PH1**THETA  *  GAMMA( THETA) ) 

C 

C  NV  -  8,  UNIFORM  VARIATE 
C 

C  F’DF(X)  =  1/  THETA  >  FOR  X  IN  (0*  THETA)  »  =  0.  OTHERWISE. 

C 

C  NV  --  9,  RET  A  VARIATE 
C 

C  PDF(X)  =  X**(THETA-1>  *  ( 1-X ) **( PHI - 1 >  /  BETA (THETA. PHI ) 

C  FOR  X  IN  (0,1)!  -  0,  OTHERWISE. 

C 

C  EOF:  A  BETA  VARIATE  ON  (O.K),  USE  THE  PRODUCT  OF  AN  NV-? 

C  AND  AN  NV-3  UITH  THETA=1/K. 

C 

C  NV  =  10,  F  DISTRIBUTION  UITH  DEGREES  OF  FREEDOM  (THET A, PHI) 

C 

C  NV  ”  11,  MAXWELL  VARIATE 
C 

C  PDF ( X  >  =  A  *  X**2  *  EXP ( -  ( X/THETA > **2 ) 

C  /<THETA**3  *  SORT < F* I  > ) 

C 

C  NV  “  12,  HALF-NORMAL  VARIATE 
C 

C  PDF(X)  »  2  *  EXP(-  (X/THETA)**2  /2)  /  (THETA  *  SQFi  T  ( 2  *  PIT) 

C 

C  NV  =  13.  HALF-CAUCHY  VARIATE 
C 

C  FDF(X)  =  2  »  THETA  /  (PI  *  (THETA*»2  +  X#*2>> 

C 

C  NV  =  14,  HALF-STUDENT  VARIATE 
C 

C  PDF(X)  =  2  *  GAMMAUHETA  +  .5)  /  (  SORT  (2  *  THETA  *  F  I) 

C  *  CAMMA(THETA)  *  (1  I  X**2/ ( 2*THET A ) ) ** ( THET A  +  .5)  ) 

C 

C  ......  . 

r. . . . 

c 

COMHON/CHPDF /BA( 21 ) ,CD( 21 ) ,GBA( 21 ) ,GCD(21 ) ,CA, IT ,LR,M,MN,QP 

(  OMMON/CHOMI  Y/IP.  KJ.N.NAY.TR 

COMMON/PD!  1  ,'HPDF  ( 1001  )  ,HC.DF(  1001  )  ,2K1  (  1001  ) 

«  C0MM0N/PDF2/CC,CN,DZ,KEY,KPM,MI ,MP,NP> 7M.PSI  1  (20) 

DIMENSION  Nl  I (50) »XL(21 ) ,XG(21 ) ,TLR( 1001 ) , TL I ( 1001 ) . GC1 ( 21 ) 

*  DIMENSION  A( 21 ) . B( 21 > ,GA( 21 > ,GB ( 21 ) , A1 ( 21 ) , Cl ( 21 ) ,GA1 ( 21 ) 

DIMENSION  IFM( 190) 

INTEGER  P.PP.Q.OP.QQ 


n  n 
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...INPUT  AND  CHECK  THE  PROBLEM  LIMITS  AND  REQUIREMENTS. 

C 

READ  <  5  ,  >  ZO.ZN.DZ.NS.IDT.MP.MI.F'Cl .NY.NP 

IF  (NS.LT.l.OR.MP.LT.l )  GO  TO  46 
t  IF  ( NS . GT  .  1  .AND.  MI  ,LT  .  I  )  GO  TO  46 

IF  (NS.EQ. 1 . AND. MI .LT . 1 )  NY=1 
IF  (MP.GT.100)  MF=100 

’  IF  (MI. GT. 1001)  ML-1001 

IF  (NS.EQ. 1)  IDT -0 
IF  (ZO.LT.O.O)  ZOO.O 
ZT=ZN-ZO 

IF  (ZT.LT.l.E-10)  00  TO  48 
IF  (DZ.LT.l.E-10)  D.’  (ZN-Z01/1.E42 
ZT-Z0+DZ*1 .EE3 
IF  (ZT.LT.ZN)  ZN-ZT 

IF  (PCT.LT.0.05. OR .  F'CT.GT.2.1)  PCT«1.0 
T=PCT*ZN 

C=AL0G(2.E+8)/(2.0*T> 

ZC=3.141592&5358V7?/T 
IF  (ZO.LT.l .E-10)  ZO  =  DZ 
UR I TE ( A  »  9 1 0 )  ZO.ZN.DZ.NS 

910  FORMAT  ( 1H1  .//,*  DETERMINE  P.D.F.(Z)  AND  C .  D .  F  .  ( Z>  *  ,  /  , 

1*  FOR  VALUES  OF  Z  FROM  *,F8.4,*  10  *.F3.4,*  UITH  STEP  SIZE  *,' 
2F8 .4i/f*  FOR  THE  SUM  OF  *,I2,*  TERMS.  UHERE*,//) 

IF  (IDT.EQ.l)  URI TE ( 6 » 912 ) 

912  FORMAT ( 44H  THE  TERMS  ARE  IDENTICALLY  DISTRIBUTED.  AND  > 

URITE ( 6.915)  MP.MI.PCT.C 

915  FORMAM//,*  THE  MAXIMUM  NUMBER  OF  POLES  TO  BE  EVALUATED  IS  *. 
114.*.*,//.*  CRUMP  PARAMETERS:  NUMBER  OF  COMPLEX  VALUES  -  *» 
2I4.*.*.//,7X,*FERCENT  OF  HIGHEST  Z  VALUE  =  *,r4.2, 

3*.  AXIS  F'OINT  A  =  *.F8.4»//> 

C 

C... INPUT  THE  NUMBER  OF  THE  LAST  ELEMENT  FOR  EACH  TERM  OF  THE  SUM 
C...AND  CHECK  FOR  AN  ASCENDING  ORDER. 

C 

NT-NS 

IF  (IDT.NE.l)  GO  TO  8 
NT  =  1 

URITE  ( 6 ,  >  4 1 H  FORM  FOR  EACH  TERM  ( UHERE  YJ  =  XJ**F'J>: 

GO  TO  9 

8  URITE  ( 6 .  )  47H  FORM  FOR  OVERALL  PROBLEM  (UHERE  YJ  =  XJ**F'J>: 

9  RE  AIKS,  )  (NLT(I).I  =  1,NT) 

IF  (NET ( 1 > .LT. 1 >  GO  TO  50 

IF  (NS. EO.l. OR. IDT.EQ.l)  GO  TO  13 
DO  If  IS-2.NS 
NLTL  NL  I  (  IS) 

Nl  TG~Ml  1  <  ID- 1  > 

.  10  IF  (NL1S.0E.NI  TL>  GO  TO  50 

13  IS-1 

DO  6  J^  1 , 5 
Jl- .1-  1 

*  I J - 10* Jl 

DO  5  I - 1  . 1 0 
I1*J-1 

IF  (IJ.EQ.O)  GO  TO  5 

,  IF  (IJ.GT.NLT(NT) )  GO  TO  7 


nnon 
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IF  (J1.E0.0)  IE  *3*1 1 
IF  (Jl.GT.O)  IE-(4*IJ>-9 
IF  < I J.LT .NLT ( IS) )  GO  TO  2 
IF  (IJ.EO.NLMNn  )  IL  =  IE~  1 
IF  M  <  IE  >“1  HE 
IS^  CS+1 
GO  TO  3 

2  IFM(IE)=1H* 

3  TE=IE-1 
IFM( IE)*I1 

IF  (Jl.EO.O)  GO  TO  4 

IE=1E-1 

IFh< IE)=J1 

4  IE=] E*I 
IFM(1E)=1HY 

5  IJ  =  IJT1 

6  CONTINUE 

IF  (NLT (NT) .LT.SO)  GO  TO  7 

I L* 1 90 

IFM  ( 190 ) =0 

IFM  < 109 ) *5 

IFM<188) -1HY 

7  WRITE (6.920)  ( IFMC I ) » 1=1 , IL > 

920  FORMAT  ( / » *  Z  *  * .  9  <  A1 . 1 1 .  A1  )  .  16  ( A1 > 21 1 .  A1 )  , // ,  6X  .  25  ( A1 , 21 1 .  A1  >  ) 


C. . .INITIALIZE  THE  OVERALL  PROBLEM  CONSTANT  ANB  RANGE  PARAMETERS. 

CNF*1 .0 
KPM-1 
NF  =1 
KR=0 
RU-0.0 
RL  =  0 . 0 

...FIND  THE  PSI  FUNCTION  VALUES  TO  BE  USEB 
...UHFN  THE  ORIiER  OF  A  POLE  IS  MORE  THAN  2. 

BO  15  1-2.20.2 

15  PSI 1 ( I ) =2.0*PSI ( 1-1, 1 .0) 

BO  44  IS*  1  *  NS 

C. .. INITIALIZE  THE  PARAMETERS  FOR  THE  IS-TH 
C 

N L -NL T ( I S ) 

CC=1 .0 
CN=1 .0 
M-0 
N-0 
P^O 
0*0 
LM -0 
LN=0 
LF=0 
L0=0 
NAY=0 


TERM  OF  THE  SUM. 


uuuu 
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...INCUT  THE  H-FUNCIION  PARAMETERS  FOR  THE  NH-TH  VARIATE . 
...AND  SET  UP  THIS  H-FUNCTION. 

READ  <  5 .  )  NV. THETA. PHI .ROW 

IF  (ABSIPOU). LT.l.E-10)  P0U«1.0 
URITE< A. 930)  NH.NV, THETA. PHI ,PDW 
930  FORMAT!//,*  VARIATE  X*.12.*  IS  T YFE  NUMBER  *,1?,//, 

1*  INPUT  PARAMETERS  ARE  THETA  =*»F10.5,*,  PHI  =*,F10.S. 
2*.  AND  POWER  =*.F10.5> 

IF  (THETA. LT.l.E-10., •.ND.NV.LT. 4)  GO  TO  148 
IF  (THFTA. LT.l.E-10. AND. NV.BT. 5)  GO  TO  148 
IF  (PHI.LE.-1.E-10)  GO  TO  148 
A(1 > =  1 .E+3 
GA ( 1 >~1 .E+3 
MM=1 
NN=0 
F'F'=0 
00=  1 

GO  TO  (102. 104, 132. 134. 80, 80, 80. 80, 80. BO, BO, BO, BO. 80), NV 
80  GB( 1 )  =  1 .0 
NV-NV-4 

GO  TO  <108, 110. 112, 116, 118, 122, 90, 90. 90, 90), NV 
90  B ( 1 ) =0 . 0 
GB<1>=0.5 
NV=NV-6 

GO  TO  (124, 126. 100, 100), NV 
100  NN=t 
PF-1 

GA  < 1 >  =  0.5 
NV-NV-2 

GO  TO  (128, 130), NV 
102  PHI=2.0 
GO  TO  106 

104  IF  (PHI. LT.l.E-10)  GO  TO  148 
106  GB(  1 >  =  1 .0/PH1 
B  ( 1 )  =  1 . 0-GB ( 1 ) 

TN=THETA**GB( 1 ) 

TC  =  TN 
GO  TO  136 

108  IF  (PHI. LT.l.E-10)  GO  TO  148 
TN=  1  .  O/F'H  1 
TC=  TN 
B  < 1 >=0.0 
GO  TO  136 

110  THETA-THI  TA*0.5 
PHI-2.0 
GO  TO  114 

112  IF  (PH1.LT . l.E-10)  GO  TO  148 
114  TCd  .0/PH1 

TN--TC/DGAMMA(  THETA) 

B< 1  )  =  THE  T  A  -  1  .0 
GO  TO  136 
116  TN-1. O/THETA 

tc-tn 

A ( 1 )»1 .0 
B( 1 >»0.0 

*  GO  TO  120 


& 
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113  TN-DGAMMA  <  THE!  A+F'Hl )  /DGAMMAC  THET  A  )  i 

TC--1.0  | 

A< 1 >=THETA+PH1-1 .0  i 

B< 1 >=THETA-1 .0  j 

120  GA<1>=1.0 
PF  =  1 

GO  TO  134 

122  IF  (PHI.LT.l.E-10)  GO  TO  148  I 

TC=THETA/PH1 

TN^TC/(DGAMMA<THFTA>#IlGAMMA(F'HI  )  ) 

NN=1 

PF^l 

A(1>=-FHI 
GA< 1 >~1 .0 
B  (  1  ) “THETA- 1.0 
GO  TO  134 

121  TC--1 . 0/THETA 

TN-TC/ .  804 226 92 G 4 52 70 0 

EKD-1.0 

GO  TO  134 

124  TN-. 398942380401433/THETA 
TO  .707106781186548/THETA 
GO  TO  136 

120  TN- . 318309884183791/THE TA 

TC=1. O/THETA  ' 

A< 1 >  =0 . 0  | 

GO  TO  136 

130  TN- <THETA*6.2S313530717958>**(-0.5>/DGAMMA(THETA> 

TC=(2.0*THEIA>**<-0.5>  J 

A< l)-0. 5-THETA 
GO  TO  136 
132  CN==CN/THETA 

CC-CC/THETA  | 

GO  TO  144  «  I 

C  '  ' 

C...IF  NV=4.  INPUT  THE  REMAINING  H-FUNCTION  PARAMETERS. 

C 

134  REAP  ( 5  >  1  MMfNNfPF '*00 

IF  (MM.LI.O.OR.NN.LT.O)  GO  TO  149 

IF  (00. L T. MM. OR.FP.LT, NN)  GO  TO  150  1 

IF  (FP.LT.l.ANEi.QQ.LT.l)  GO  TO  152 
IF  (FP.LT.l)  REAH(5»  >  ( B ( I ) »GB C II » 1=1 » 00 ) 

IF  (OU.LT.l)  REACK5?  )  ( A  ( I )  »GA<  I )  .  1  =  1  .PP  > 

IF  (PP.GT  .O.ANII.QO.GT.O)  RE  AIK  5,  ) 

1  < A( I ) ,GA( I ) .1=1 »FP> , <B( I ) »GB< I ) »I  1 *QQ) 

TN--THFTA 

TC  "F’HI  I 

C  i 

C...FOR  NV-4  AND  THETA-9,  THE  PROGRAM  COMPUTES  '  i 

C...THE  CONSTANT  FOR  THE  H-FUNCTION  DISTRIBUTION. 

C  J  I 

IF  (ABS(TN) ,GT. 1 .E-10)  GO  TO  136  * 

TN-TC  "  | 

IF  (QO.LT.l)  GO  TO  730  £ 

DO  720  I=,l,aG 

t 
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IF  < I .GT.MM)  GO  TO  7J  0 

*  TN-PTN/DGAMMA!  B! 1 )+GB! I >  > 

GO  TO  700 

710  TN-TN*HGAMMA!  1  .O-B!  I  }-GBi  I  )  ) 

720  CONTINUE 

730  If  1PP.LT.1)  GO  TO  f»A 
HO  750  I  - 1  ,  F'  F' 

IT  U.GT.NM)  GO  10  7 <10 
TN=FN/DGAMMA< 1 .0-A! I )-GA! 1 > > 

GO  TO  750 

740  TN- IN*UGAMMA< A< I ) f GA ( I ) ) 

750  CONTINUE 
C 

C... PRINT  THE  H-FUNUTIOM  FOR  (HE  NH-TH  VARIATE 
C 

136  WRITE  <  A i V40  )  NH 

940  FORMAT!//,*  THE  F'.O.F.  FOR  VARIATE  XU, l?,*  IS  GIVEN  BYtif./) 

IF  (PP.EQ.O)  WRITE! 6, 947)  HM  ,  Nr! 

IF  (PP.GT.O)  URITE!A,945)  MM , NN, < ( A( I ) .GA! I ) ) , 1=1 »PP ) 

WRITE!  A.  942)  TN  *  TC 

947  FORMAT  in  0.5. 2X.*H*. 7X.*!*.F10.5» *  X)!*) 

IF  (OO.EQ.O)  WRITE ( 6  . 947 )  PP.OQ 

IF  (OO.GT.O)  UR  I  TF_ !  A » 945 )  pp  f  GO  .  <  ( B! I ) .  SB  ( I )  ) ,  1  =  1  ,GQ ) 

945  FORMAI ( 14X.2I3. 15X. <*  <  *  >F0. 3.  * .  *  .FEs .  3  >  *  >  *  > ) 

947  FORMAT! 14X.2I3) 

IF  (ABSUN).LT.l  .E-10. OR.IC.LT. l.E-10)  GO  TO  153 
C 

C... BASED  UPON  THE  POWER  TO  WHICH  THE  NH-TH  VARIATE  IS  RAISED. 
C...IIS  H-FUNCT  ION  PARAMETERS  ARE  ADJUSTED  ,iND  USED  TO  FIND 
C...THE  PARAMETERS  OF  THE  H-FUNCTION  DISTRIBUTION  OF  THE  IS-TH  TERM. 
C 

PS1=P0U-1 .0 

IF  <  ADS  <  F'Sl )  .LT  .  1 ,  E-10 )  GO  TO  140 
TN-TN*TC**!F'S1 ) 

TC=-TC**POW 
140  CN-CN*TN 
CC=CC*TC 

IF  (F'OW.LT  .0.0)  GC)  TO  142 

CALL  SETUP  (0.  MM.  m’.LM.  1 . 0  .  FTIW  >  B  .  GB.  DA  .ODA  ) 

CALL  SETUFKMM.Cin.O.LO.-l  .  0  .  POW  .  P  .  GB  .  CD  .  BCD  ) 

CALL  SETUP'  ( O.NN .N .LN. -1 .0.P0W.A.0A.A1  »GA1  ) 

CALL  SETUP  !NR  F'P.P.LP.  1 . 0  .  ROW  .  A  .  GA  .  C 1  ,GC1  ) 

GO  10  144 

142  CALL  SETUP! 0. MM. N.LN. 1 .0. TOW. B.GB.Al .GAJ ) 

CALL  oETUFKMM.DO.F'.l  P.-1  .  0  ,  POW  .  B  .  DB  .  Cl  .  GUI  i 
CALL  SETUF'<0.NN.M.LM.-1 .  0.  F'OW  >  A.GA  >  BA  .  GBA  > 

CALL  SETUP 'NN.pp.fi.LO,  1  . 0 . F'OW •  A.GA.CD  .CCD  ) 

144  CONTINUE 
IF'!'  N 
I Cl  0-M 

IF  ‘  I  p  .  NF  .  L  r  )  WRITE!  A.  )  1  7H  SETUP  ERROR.  IP 

*  IF  <IQ.NE.LO>  WRITE. A.  )  17H  SETUP  ERROR,  LQ 

MN-h 

♦  QP-IG 

CALL  SETUP'  IO.N.MN.LM,  1 . 0 , 1 . 0  ,  A 1  ,  GA  1  .  BA,  GBA) 

CALL  SETUP!  0.  IF.CIP.LG.  1 .0, 1 .0»C1  ,GC1  .CD.GCB) 


noon 
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c 

('...PRINT  THE  H-FUNCT  J  ON  FOR  THE  IS-TH  TERM 
C 

WRITE (5, 950)  IS 

950  FORMAT!//,*  THE  P.D.F.  FOR  TERM  *,I2, 

1*  OF  THE  SUM  IS  GIVEN  BY:*./) 

WR'I  TF  (6 ,  951  )  M.N.CN.GC.P.O 

951  F0RMAT<1AX,2I3./,F10.5,2X.*H*»7X.*(*»F10.5»*  Z).  WHERE*. 
l/» 1AX.2I3,/) 

IF  (MN.GT.O)  URITE(6,°S2>  (  ( D  A  <  1 )  ,  GBA  ( I  >  > » 1  - 1 » MN ) 

952  FORMAT!*  ( BA ( I ) , GBA(  I > ) : * , < 6 ( *  <*,FS.3,*.*»F8.3,*)*)»/»16X>) 
IF  (QF'.GT.O)  WRITE  (6.953)  <  ( CD  ( I ) » GCD  ( I )  )  .  I  -  1 .  QF' ) 

953  FORMAT ( *  <Crxi),GCDCI>>:*.<6<*  (* .F8 . 3 .*,*. F8 . 3 ,*)*)./. 1  AX ) ) 
GO  TO  if, A 


148 

WRTTF;  <*. 

GO  TO  52 

)  27H 

THETA  OR  PHI  NOT 

POSITIVE 

149 

WRITE (*9 

GO  TO  52 

)  17H 

M  OR  N  NEGATIVE 

150 

WRJTECA, 

GO  TO  52 

)  27H 

Q ( OR  F)  LESS  THAN  M(OR  N) 

152 

WRITE 

GO  TO  52 

)  30H 

PARAMETERS  P  AND 

Cl  BOTH  ZERO 

153 

WRITE ( 6  * 

GO  TO  52 

)  27H 

ZERO  OR  NEGATIVE 

CONSTANT 

...CHECK  THAT  THE  H-FUNCT ION  IS  VAEIDLY  BEFINEB.  DETERMINE  ITS 
...CONVERGENCE  TYRF .  AND.  IF  NEEDED.  ADJUST  THE  RANGE  PARAMETERS. 

156  CALL  CHECK 

IF  (NAY.EO.l)  GO  TO  52 
ZT  - 1 . 0/ <  CC*TR ) 

IF  (LR.NE.O)  GO  TO  157 
IF  (N.LT.l)  RU-RU+ZT 
IF  (N.LT.l)  KR=KR+1 
IF  (M.LT.l)  RL=RL+ZT 
C 

C...IF  DESIRED.  THE  P.D.F.  AND  C.P.F.  OF  THE  IS-TH  TERM  ARE  FOUND. 
C...IF  NS  = 1  AND  NY=0 .  THESE  ARE  FOUND  BY  LAPLACE  TRANSFORM  INVERSION. 

C 

157  IF  (NY.NE.l)  GO  TO  18 
ZM-7T 

KEY-0 

IF  (NS.NE.l)  GO  TO  12 
IF  (LR.NE.O)  GO  TO  11 
IF  (N.LT.l. AND. Z1  .1  T.ZN)  ZN=ZT 
IF  (M.LT.l .ANB.ZT.GI .ZO)  ZQ-ZT 
IT  (ZN.LT.ZO)  GO  FO  All 

11  CALL  F'DFCDF  (  ZO.ZN) 

GO  TO  52 

12  IF  (LR.EO.O.ANB. N.LT.l)  GO  TO  1  A 
IF  'LR.E0.0.AND.M.L1 . 1)  GO  TO  16 
ZT-DZ*  f  . E4  3 

1A  IF  (ZN.LT.ZT)  ZT-ZN 
CALL  PDFCDF (BZ.ZT) 

GO  TO  18 

16  IF  (ZO.GT.ZT)  ZT  =  Z0 
IF  (ZN.LT.ZT)  GO  TO  18 
CALI  F'DF  CDF  (  ZT  .  ZN  ) 


C...SET  UP  TUP  LAPLACE  TRANSFORM  EI-RUNCTION  TOR  1 HL  IS-TH  TERM. 
C 

19  .IO-N+1 

IF  (MN.LT.l)  GO  TO  29 
HO  20  1  =  1  -(IN 
XI  (  I >=0A<  I 

20  XG( I >=GOA< I  ) 

IF  lH.LT. 1 )  GO  TO  24 
00  22  I~2.J0 
J -H+I-l 

PAv I >=XL< J>+XG< J) 

22  GOA  ( I  >.  -XG<  J) 

24  IF  (M.LT.l)  GO  TO  29 
00  26  i-l.M 
j  =jhh 

PA<  J)  ~y.  <  I  MXG(  I ) 

26  GOA  (  J  ) '  -X(i<  I  ) 

23  PA< 1 >  =  0.0 
GOA  ( 1  >  =  1  . 0 

IF  CQP.LT.l)  GD  10  38 
00  30  1=1. OP 
XL < I >=C0< I ) 

30  XG<n  =  GCO<.T) 

IF  (IP.LT.l)  GO  TO  34 
OQ  32  I=l»3P 

j=h:i+i 

C0< 1 >-XL( J)+XG( J> 

32  GCO ( I )  =  -XG <  J) 

34  IF  (IO.LT.l)  GO  TO  30 
00  36  1=1.10 
J=IF+I 

CO  <  J) =XL  < I ) +XG< I ) 

36  GCO  <  J  >  =-XG  < I > 

38  N=M 
M=JO 
JO- IP 
IP=IO 
IO=JO 
P=N+IP 
Q.-M+IO 
MN=MN+ 1 
CN=CN/CC 
CC  -1 ,0/CC 

write  <4.?r i > 

954  FOkMAIdHI  .  *  LAPIACl  TRANS!  ORM  1  *  .  /  ) 

WRITE  (6.9M  )  P.li.nN.CC »P.O 

IF  CMN.C.T.O'  Whirr  (6.952)  <  <  P.V  1  >  .i.OA<  I  >  )  »  1  =  1  »MN) 

IF  (QP.Pl.V)  UR  1  r  I  (  A  .  953  >  <  <  CO  (  I  )  .  GCIu  I  )  )  .  I  =  1  .  OP  > 

CALL  CHECK 

IF  (NAY.FO.  1  >  GO  TO  52 
CNF -CMF*CN 
2M  =  1 ,0/<CL*IR> 

C 

C...USF  POFCOF  TO  FIDO  EHT  MI  VALUES  OF  THE  LAFLACE  TFvANSE  ORM 
C ...  OF  THE  IS-TH  TERM!  HF OF < I >  HAG  THE  REAL  FARTS  ANO 
C...HCDF(I)  HAS  the  IMAGINARY  PARTS  OF  THE  TRANSFORM  VALUES. 

C 


V, 


KE  Y=1 

CALL  F-DFCDF  (CfZC) 

C 

C...FIND  THE  PRODUCT  OF  THE  LAPLACE  TRANSFORMS  AT  EACH  VALUE. 

C 

LK=*  1 

U  (IDT.EQ.l)  LK^NS-i 
DO  42  I- ] *hl 

IF  (IS.NE.l)  GO  TO  40 
TLR<  I  >~HPTiF  ( I  > 

TL1 ( I ) "HCDF d  ) 

IF  dDT.NE.l)  GO  TO  42 

40  DO  41  J~1 » LK 
Y-  ri  R(T  ) 

TLR<  I  *=Y*HPDF<  I  )-Tl.I  <  I  >*HCDF d  > 

41  TLI  ( I  ) ~Tl.  Id)  *HPDF  <  1 )  +Y«HC.DF  <  I  ) 

42  CONTINUE 

IF  (IDT.EQ.l )  GO  TO  45 

44  NF=NL+ 1 
C 

C... CRUMP  METHOD  FOR  NUMERICAL  INVERSION  Or  A  LAPLACE  TRANSFORM 
C 

45  IF  <KR.EQ.NS.AND.RU.LT.ZN>  ZN^RIJ 
IF  (ZO.LT.RL)  ZO-RL 

IF  <irn  . NE . 1 )  GO  TO  43 
IF  (KR.EQ.  1  .AND.fjfU.LT .ZN>  ZN*RU 
CNF  ~CNF*#NS 

43  CNF=CNF/T 
K~  1 

WRITE (6* 955)  KPM 

955  FORMAT (38H1  MAXIMUM  NUMBER  OF  POLES  EVALUATED  *  fI5»//» 

1*  Z  PDF  <  Z )  CDF<Z)*'/> 

602  ZK=Z0+FL0AT<K-1)*HZ 

IF  (ZK.GT.ZN)  GO  TO  606 
HPDF  <  K ) =0 • 5*  TLR ( 1 ) 

HCDF  <  K  )  =HPI»F  <  K  >  /C 
IF  (MI.EQ.l)  GO  TO  605 
DO  604  J  =2  f M I 

ZI^ZC*FLOAT(  1-1*) 

Z 1 “COS ( Z I YZK ) 

Z2 -S I N ( Z I YZK ) 

T 1  =  T  L  R  <  I  ) 

T2  =  TI.I  <  I  ) 

HPDF  (  K  >  "HPD!-  <K)+T1#Z1~T2*Z? 

HCDF  <  I, ) ~  HCDF ( K )  +  < <Tl*C+r2*ZT )*Z3  F< 1 1 *ZI -T 2*C ) *Z2 ) / < CYC+ZI *Z I ) 

604  CONTINUE 

605  CNFF.*CNf  *E.XF'(C*ZK) 

HPDF*  <K)  HPDF  <K>*CNFE 
HCDF(K)  "HCDF  '.l.)*CNF  L 
ZK1  (h)--ZK 

UP  r  TF  (  6  f  960  )  ZK  l  <  K  >  *  HPDF  <  K  >  i  HCDF  (  P  > 

960  F 0RMAT<F11 . 4»2r 12.6) 

IF  < HPDF  <  K  )  .  L T  .  0 . 0 )  HPDF  <K  )  * -HPDF  <  K  ) 

IF  (HCDF(K) .LT.O.O)  HCDF  <  K ) - -HCDF  <  P ) 

K  =  K+  1 
GO  TG  602 


I 


LT  U1 


H 
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AO  A  TF  (NP.NE.l)  GO  10  52 
K"E-  1 

UHTE(6»V6n 

961  FORMAT ( 1H1  ,*  PROBABILITY  DENSITY  FUNCTION*,/) 

CALL  PLOT ( Zl\ 1 , HPDF , K> 

WRITE <6 ,963) 

963  FORMAT ( 1H1  .*  CUMULATIVE  DISTRIBUTION  FUNCTION*,/) 


CALL  PLOT  ( ZK1 , HCDF  ,K  > 
GO  TO  53 


46  WRITE (A. 

GO  TO  53 
48  WRITE ( A , 
GO  TO  52 
0  WRITE (6, 
2  STOP 
END 


)  2/H  NS,MP,liP  MI  LESS  THAN  ONE 
)  42H  LAST  Z- VALUE  LESS  THAN  OR 
)  34H  NLT(ITl)  NOT  GREATER  THAN 


EQUAL  TO  FIRST 
NL.T  (  I  > 


SUBROUTINE  SETUP ( 1 1 ,  J1 ,1.1  ,L1 , SI  .PWR.E ,GF. ,F ,GF ) 

C 

C... ADJUST  AND  ORDER  THE  H-FUNCTION  PARAMETERS  FOR  THE  IS-TH  TERM 
C . • *  INTO  ARRAYS  THAT  ARE  CONVENIENT  FOR  CALCULATING  RESIDUES. 

C 

DIMENSION  E(21 ),GE<21 > ,r (21 ) ,GF(21 ) 

12-1111 
J2  =  J1 
K1-M  + J2 

IF  (J3.LT.I2)  GO  TO  160 
S3  -  SI 
S3" 1 .0-S2 
S4--S2*PWR 
F'M  1  "PWR-  1 . 0 
DO  1  SB  1 1  -  12, J3 
1 1-L1+1 

F(L1 )  S3/2.0  E  .S3*  (  F  ( 1 1  )  -GE  (II)  *PM1  ) 

153  GF  ( 1. 1  )  -  S4*GE  (II) 

160  RETURN 
END 


I 


4 


} 
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1 

SUBROUTINE  CHECK 

...CHECK  FOR  VALIDLY  DEFINED  H-F UMCT 1 ON  AMD  FIND  CONVERGENCE  TYPE 

COhMON/CHF'tiF  /DA (  01  >  -  CD  <01  >  .GBA<21  >  .UCD<21 ) . CA » IT  . LR . M  ,  MN •  OF' 

COMMON/ CHONLY/ IF-.  IQ.  N.  NAY.  TR 

INTEGER  OF 

IT--0 

LR- 0 

mi  o.o 

TD2-0.0 

TL  -F  LOAT  (QP-MN 1/2.0 
Tft-1.0 
CA- 1 -E+3 
CB^-1 .E+3 

IF  (N.LT.l)  GO  TO  204 
J-M4  1 

DO  202  I - J . MN 
G=-GDA< ]  > 

IF  (G.LT.1 .E-10)  GO  TO  228 

CH- BA  < I ) /G 

IF  <CH.LT.CA)  CA=CH 

TIil  =  TDl+G 

TL  =  TL  FBA  < I  ) 

202  TR=TR*<G*»G> 

204  IF  (M.LT.l)  GO  TO  200 
DO  206  I -  1 .  M 
G=GBA < I ) 

IF  (G.LT.l.E-10)  GO  TO  228 
CH--DA  < I ) /G 
IF  (CH.GT.CB)  CB^CH 
TD2*TD2+G 
TL- TL  +  BA  < I ) 

204  TR=TR/<G**G) 

208  IF  (IF-.LT.l)  GO  10  212 
J=I0+1 

DO  210  I  -  J  .  OF’ 

G- GCD < I ) 

IF  (G.LF.l .E-10)  GO  TO  228 
TD2-ID2-G 

tl--ii.-gd<i  ) 

210  TR=TR*<G**G> 

212  IF  (in.Lr.l)  GO  TO  214 
DO  214  I  -  1 . 1 Q 
G- -GCD(I) 

IF  <G.L! . 1 .E-10)  GO  TO  228 
ID1  -TD1  G 
TL=TL-CIK  I ) 

214  TR-TR/ <G**G) 

216  rn=TDl+TD2 
TF--TD1-TD2 


i 


W  M 


IF  (TIi.PC.-l.E-10)  GO  TO  218 

WRITE  <  A »  )  J7H  Ii  IS  LESS  THAN  ZERO.  NO  CONVERGENCE 

GO  TO  232 

218  IF  <CA.GT.CIO  GO  TO  220 

WRITE  <  A .  )  JUH  NUMERATOR  ROLES  NOT  PROPERLY  DIVIIiEIi 

GO  TO  232 

220  IF  (TP. I  E.-l .E-10)  GO  TO  222 
IF  (TP.GE. 1 .E-10)  GO  TO  224 
CH-0 . 0 
I  T=5 

GO  10  226 
222  CH-TP*CA 
IT  =  1 
LR=-1 
GO  TO  22A 
224  CH=TP*CR 
IT  =  3 
LR=  1 

22A  IF  <Tli. LT.l. E-10. AND. TL.GE.CH)  GO  TO  230 
IF  (TL.LT.CH)  IT=IT+1 
IF  (IT.EQ.A.ANIi.TL.LT.-l.O)  IT  =  7 
GO  TO  234 

228  WRI TE ( A »  )  38H  ALPHA  OR  RET  A  PARAMETER  NOT  POSITIVE 

GO  TO  232 

230  WRITE  <  A  r  >  33H  I'  IS  ZERO  ANU  L  IS  GREATER  THAN 

WRITE <  6 »  )  29H  E  TIMES  W  .  NO  CONVERGENCE 

IT=0 

32  NAY-1 

34  WRITE ( A » 9A5 )  IT 

9A5  FORMAT <//.*  CONVERGENCE  TYPE  =  *.I1> 

WRITE  (  A » 970 )  TH.TF'.TL.TR 

970  FORMAT  </.7X.*Ii  =*  ,  F  A .  2 . 5X .  *E  -*  .  FA .  2  >  5X ,  *L  =#.F6.2» 
1SX.*R  =*.F7.4) 

RETURN 

END 


V 


SUBROUT I NE  PIT  CDF ( ZFF , ZLP  > 

C 

C ..  .CALCULATION  OF  H-FUNCTION  VALUES  BY  SUMMATION  OF  RESIDUES! 
C...THE  P.D.F.  AND  C.D.F.  ARE  FOUND  IF  KEY  '0 »  THE  REAL  AND 
C. .. IMAGINARY  PARIS  OF  THE  LAPLACE  TRANSFORM  IF  KEY- 1 • 

C 

COMMON/CHF'DF /BA <21 )  .CD <21 )  .GBA(21 )  » GCD < 21 ) . CA .  IT  .LR.M.MN.QP 
COMMON/PDF  1  /HF  IiF  (  3  001  >  .  HCDF  (1 00 1  >  r  ZK 1  ( 1 001 ) 
C0MM0N/PDF2/CC.CN.DZ.KEY.kF'M,MI .MP.NP.ZM.PSIl (20) 

DIMENSION  ID (21 )  ..IS  (21 )  .PI  (21 > . V ( 22. 2 > » U( 2  I . 2 >  .ZLN(  1001  > 
DIMENSION  GARGN (21 ) »GARGD(21 ) »ZK2(1001 ) 

INTEGER  QP. ERROR 

ZF-ZFP 

ZL  -ZL.P 

DO  TO  I  1  =  1 .MN 
1D( I >=0 
JS( I >*0 

301  F'L<  I  >=0.0 
K?*?-KEY 
KkM=0 
NS1=0 

KF=  1 

KMX=KEY*MI+( 1-KEY )*(INT( ( ZL-ZF > /DZ+1 . E-10 > +1 > 

KL-KMX 

DO  304  K=1.KL 
HFDF(K)=0.0 
HCDF ( K ) -0 . 0 

IF  (KEY.EO.l)  GO  TO  302 
ZK1(K>=ZF+DZ*FL0AI (K-l ) 

ZK2(K)=AL0G(ZK1 (K)#CC> 

GO  TO  304 

302  ZIMK“ZL*F‘LOAT  (K-l ) 

ZK1 ( K  >  =SQF<T  (  ZF*ZF+ZIMK*ZIMK ) 

ZK2 ( K ) =ATAN ( ZI MK/ZF > 

ZLN(K)=AL0G(ZK1 <K)*CC1 
304  CONTINUE 
C 

C... SETUP  FOR  LHP  OR  RHP  EVALUATION 
C 

IF  (I  R.EO.-l)  GO  TO  31? 

IF  (LR.EO.l >  GO  TO  306 
IF  (ZM.GT.ZF)  GO  TO  30S 
LR=1 

306  MF  =M+ 1 
ML.  MN 
SV=- 1.0 
GO  TO  314 

308  IF  (KEY.EO.l)  GO  TO  310 

IF  (ZM.LT.ZL)  I.L  =  IN7  ( { ZM-ZF >/DZ+l . E-10 > tl 
IF  (ZM.GE.ZL)  IR--1 
GO  TO  311 

310  KM  =  1  NT (  SORT  (  ZM*ZN-?r*ZF  )  /Zl.  F 1 .  E- 1 0 )  + 1 

IF  (KEY.EO.l)  WKITL(6,  1  31H  AXIS  POINT  A  IS  LESS  THAN  ZM 
IF  (KM.LT.KL)  M  -*KM 
IF  (KM.GE.KL)  LR--1 

311  IF  (MN.EO.M)  LR— 1 

IF  (M.EO.O)  GO  TO  360 

312  MF=1 
ML=M 
SV=1 .0 
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..FIND  THE  RIGHTMOST (LHP)  OR  LEFTMOST (RHP)  UNEVALUATED  NUMERATOR 
♦.POLE  S  AND  ITS  ORDER  KN  IN  THE  NUMERATOR 


314  DO  316  I-MF»ML 
JS< I )  -0 

316  PL( I >=-RA< I ) 'ABS(GBA< I ) ) 

KP-0 

KPZ~0 

318  KP*KP41 

DO  319  1=1. MN 
31?  ID <  I  > =0 

DO  326  I=MF'»ML 

if  d.rn.hF)  r,o  to  322 
SMPL  =S -PL  < 1 ) 

IF  <  ADS ( SMPL  > • GT . 1 . E- 1 0 )  00  10  320 
KN=  KN+1 
GO  TO  324 

320  IF  (SMPL.GT.  1  .E-10)  GO  TO  326 
322  S=PL<I> 

KN= 1 

324  ID(KN)=I 
326  CONTINUE 

IF  (LR.EQ.l)  Si=-S 
IF  (KEY.EQ.l)  GO  10  328 
SM1*S-1 .0 

IF  ( ADS  ( SMI > ♦ GT  *  1 ♦ E~ 10  >  GO  TO  328 

KN=KN+1 

KS1  - 1 

...CALCULATE  VZERO < WI THOUT  POWER  TERM)  AND  THE  ORDER  KT  OF  POLE  S. 

328  PR0D2=1 . 0 
PR0D4-1 .0 
KD-0 

IF  (QP.LT.l)  GO  TO  334 
DO  332  1  =  1 » QP 

X*CD ( I ) +GCIU  I ) *S 
GARGDC I >*X 

IF  (ERROR(X) .EQ.O.ANIuX.LT.0.5)  GO  TO  330 
PR0D4- PR0D4*DGAMMA ( X ) 

GO  TO  332 
330  KD=KD+ 1 

IF  (RD.EO.KN)  GO  TO  342 
JX"  INT  <  -X-f  0 . 1  ) 

PR0D2=PR0D2*HFACT< JX>*(  (  - 1 . 0  )  **  JX  )  *GCD  <  I ) 

332  CONTINUE 
334  PR0D1 = 1 • 0 
PR0D3- 1.0 
KS~  1 

IF  (MN.LI.1)  GO  TO  339 
DO  338  I-lfMN 
IDKS  =  1D <  KS ) 

IF  (I.EO.IDKS)  GO  TO  336 
GARGN< I ) =BA ( I >+GDA( 1 >*S 
PROD 1 =PROD 1 #DGAMMA ( GARGN ( I ) ) 

OP  TO  338 

336  PR0D3*PR0D3*DFACT( JS< I ) ) * ( ( -1 . 0 ) ** JS ( I ) >*GBA(I) 

KS-KS+1 
338  CONTINUF 


V, 
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339  KNP1=KN+1 

IF  (KSl.EG.l.ANIl.KS.NE.KN)  GO  TO  701 
IF  (KS1.NE.1.ANH.KS.NE.KNP1)  GO  TO  701 
GO  TO  702 

701  WRITE  <  6 1  )  28H  ERROR  IN  L’ZERO  CALCULATION 

702  VPl=PROHl*PROH2/<PROIi3*PROB4> 

0P2-0P1 

IF  (KEY.E0.0.ANH.KS1 .NE.l)  VP2-0P2/SM1 

KT--KN-KU 

I1H-.T-1 

IiF  1  -OF  ACT  (II)  #50 
HF2--  HFACT  <KT-2)*SV 
VMX-O. 0 

c 

C. . .CALCULATE  WZERO < UI THOU r  LOG  TERM)  THROUGH  U  SUPERSCRIPT  KT-2. 
C 

IF  (KT.LT.2)  GO  TO  416 
VZl=t .0 
HO  414  L=1.I1 
021=1 .0-UZ1 
LM1=L-1 
W(L> 1 )=0.0 

IF  (MN.LT.l)  GO  TO  406 
NS=1 

HO  404  1=1, MN 
IHKS=ir>(KS) 

IF  (I.EQ.IHKS)  GO  TO  402 

U ( L , 1 ) =W < L , 1 )  +  <  GBA < I ) *#L ) *PSI <  L  Ml , GARGN ( I > ) 

GO  TO  404 

W ( L ,  1 )  =W < L  ,  1 ) - <  <-GBA(  I )  )*#L)#PSI  (LM1 , FLOAT <  JS<  I  )  +  l )  ) 
IF  (VZ1.GT.0.5)  W<L,1)-U(L,1)+((GBA<I))**L)*PSI1(L) 
KS“KS+1 
CONTINUE 

IF  (OP.LT.l)  GO  TO  412 
HO  410  1=1, QP 
X=GARGB< I ) 

IF  (ERROR! X) . EQ . 0 . ANH . X . LT .0.5)  GO  TO  40B 
W(L, 1 )=U(L, 1 >-<GCH<  J >**L >*PSI<LM1,X> 

GO  TO  410 

W ( L  ,  1  )=UU.,1  )  +  ( (-GCIK  I  >  >**L)*PSI (LM1 . 1 .0-X) 

IF  (VZ1.GT.0.5)  U<L,  1 ) -U(L, 1 )-( <GCH( I ) )**L)*PSI1<L) 
CONTINUE 

IF  (KEY. EG. 1)  GO  TO  414 
W ( L , 2 ) ~U ( L , 1 ) 

IF  (NS1.NE.1)  W(L,2>=W(L,2)  +  r.iFACT<LMl)/((1.0-S>**L) 

414  CONTINUE 
•UR1=W<1,1> 

UR2=W< 1,2) 

C 

C...AHH  THE  POWER  TERM  TO  OZERO  ANH  THE  LOG  TERM  TO  UZERO. 

C... COMPUTE  V  SUPERSCRIPT  KT-1  ANH  THE  RESIHUE  OHK . 

C 

416  Kl-0 

IF  (ABS<ZKl(KL)-ZM).LT.l.E-5)  Kl=l 
KKM  =  KKM+(K1*KEY*KL  ) 

HO  340  K=KF , KL 
Z1=ZK1 (K)*CC 
Z2=ZK2 ( K ) 

V(1,1>=VF1*<Z1**<-S>> 
v(i,7>=or-2*<zi**(-S) ) 


402 

404 

406 

408 

410 

412 


Y 
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IF  (KEY. EC). 1)  GO  TO  502 
IF  (KT.EQ.l)  GO  TO  510 

*  W(  1  >  1  >=UR1  -Z2 

U( 1 .2)=WR2-Z2 
UI=0.0 

'  GO  TO  504 

502  V< 1 . 1 >=V( 1 • 1 )*C0S(-S*22) 

V( 1»2>=V( 1 .2>*S1N(-S»Z2> 

IF  (KT.EQ.l)  GQ  TU  510 
U(l.l >=WR1-ZLN(K> 

UII=  -22 

504  DO  50R  1=1. II 

IP1=I+1 

U(  IP1 .  1  )=- V(  I  , 2>*UI 
V( IP1 . 2  >~V ( I . 1 )*UI 
BN=1.0 

no  506  J=1.I 
L=I-J+1 

IF  (J.EQ.l.OR.I.EQ.l)  GO  TO  505 
BN=BN*FL.OAT  ( L. )  /FLOAT  (  J~  1 ) 

505  V(IP1.1>=V(IP1.1>4BN*V<L.1>*U<J.1) 

506  U(IP1.2>=U(IP1.2>4RN*V(L»2>»W(  J.K2) 

508  CONTINUE 

510  IF  (K.LT.KL.0R.K1.EQ.0)  GO  TO  512 
IF  (IT.E0.5)  GO  TO  341 
IF  (IT .EG. 6. AND, KEY .EG. 1 )  GO  TO  341 
512  VDK=V(KT.2)/IIF1 

IF  (ABS(VDK>  .GT.ABS(VMX)  )  VhX^UDK 
HCDF  <  K  >=HCIlF  ( K  )  4VDK 
IF  (K.LT.KL.OR.Kl.EO.O)  GO  TO  514 
IF  ( IT  .EC). 6)  GO  TO  341 
514  VDK=0.0 

IF  (KS1.NE.1)  VIIK=V(KT.1)/DF1 
IF  (KSl.EO.l.AND.KT.GT.l)  VI»K ( I I » 1 >  /BF2 
IF  (ABS(VBK)  .GT.ABS(OHX) )  L'MX=UDK 

340  HPnr<K)=HPIIF(K)+VtlK 
C 

C... CHECK  TERMINATION  CONDITIONS.  UPDATE  THE  ARRAYS  FOR  THE 
C. . .NUMERATOR  POLES.  AND  DETERMINE  WHETHER  THE  RESIDUE  AT 
C...S*1  IS  NEEDED  FOR  THE  C.D.F. 

C 

341  IF  ( ABS( VMX > .GE. 1 .E-15)  KPZ=0 

IF  (ADS(VMX) .LT.l.E-15)  KP2- KPZ41 
IF  (KPZ.GT.10)  GO  TO  348 

342  IF  (KP.EQ.MP)  CiU  TO  3413 

»  IF  (KS1.NE.1)  GO  TO  344 

KN-t.N-1 
KOI  ”2 

34  4  DO  346  KS--1.KN 
I  IIXKS) 

JS( I )  =  JS( I ) + 1 

**  346  PL(I  )=-  (BA(I  )EFLOAT(.IS(I ) )  )/ABS(GBA(I)  > 

GO  TO  316 


* 


3-18  IF  (KEY. EC). 1)  GO  TO  360 
RES-0.0 

IF  (QP.LT.l)  GO  10  352 
DO  350  1-1,0 P 

X^OIiC  I  >+GCIH  I ) 

IF  ( ERROR! X) .NE.O)  GO  TO  350 
IF  ( X . GT .0.5)  GO  TO  350 
RES-1 . 0 
GO  TO  352 
350  CONTINUE 

352  IF  (KS1.E0.2I  RFS-1.0 

IF  (LR.LT.l.AND.CA.Lr.1.0)  RES=1.0 
IF  (LR.EG, 1 . AND.CA.GT. 1 .0)  RE 5*1.0 
WRITE (6. 975) 

975  FORMAT  ( 1H1  .*  Z  PDF ( Z )  CDF (  Z.  >* .  / ) 

00  358  K=KF.KL 

HF'tlF  <K>=HF'DF(K)*CN 
HCDFCK)=RES-(ZK1(K>#CN*HCDF(;0  > 

WRITE  (A.  980)  ZK1  ( K  ) .  HFTiF  (K)  .HCHF(K) 

IF  (  HF'tlF  ( K )  .  LT  ,0.0)  HF'OF  ( K )  =  -HFTU  ( K  ) 

35e  IF  (HCOF (K) .LT.O.O)  HCDF(K)*-HC»F(K> 

980  F0KMAT(F11  .4,2F  12.  A) 

WRITE  (A. 985)  KP 

985  FORMAT!//. *  NUMBER  OF  POLES  EVALUATES  *  *>I4) 

3A0  IF  (KP.GT.KPM)  KF'M-KP 
IF  (LR.NE.O)  GO  TO  362 
LR*1 

kf=fl+i 

KL=KMX 
GO  TO  306 

362  TF  < IT. EQ. 7. OR.IT.LT. 5)  GO  TO  364 
IF  (KKM.LT.2)  GO  TO.  364 

HPDF(KKM>  =  (HF'DF  (KKM  +  1  > +HPDF (KKM-1  >  >/2.0 
HCOF (KKM>=( HCOF ( KKM+ 1 )+HCDF (KKM-i) >/2.0 
364  IF  ( KEY . EG . 1 )  GO  TO  399 
IF  (NP.NE.l)  GO  TO  399 
WRITE (6. 990) 

990  FOR’MAT ( 1H1  ,*  PROBABILITY  DENSITY  FUNCTION*,/) 

CALL  F'l.  OT  (  ZM  »  HF’OF  .  KMX  ) 

WRITE(6>995) 

995  FORMAT ( 1  HI  ,*  CUMULATIVE  DISTRIBUTION  FUNCTION*,/) 

CALL  PLOT(ZM  , HCOF, KMX) 

399  RETURN 
END 


FUNCTION  OFACT  (N) 

C 

C.. .CALCULATE  N  FAL10R1AL 
C 

OFACT  -1 .0 

IF  (N.LE.l)  GO  1U  1204 
00  1202  I -  1 , N 
1202  OFACT=OFACT*FLOAT( 1 ) 
1204  RETURN 
END 


on  no 


INTEGER  FUNCTION  ERROR  tX» 


...AN  tNTEG:R  FUNCTION  WHICH  RETURNS  THE  CJ3-:  tRROR-O  IF  X  IS  AN 
...INTEGER.  AND  ERRORsl  OTHERWISE  (A  CHECK  FOR  PRECISION  PROBLEMS! 


ERRORS  I _ 

IF  (X.LT.0.t>0>  JsX-5.E*l 
IF  <X.Gt.0.E«0)  J=X«5.E-1 
ZsABS<X-FL1AT{J> » 

IF  (Z.LT.l.E-lO)  ERRORsQ 
RETURN 

ENO _ 


function  oganpa  txcPi _ 

DINE  NS  I  ON  CXt  26) 

INTEGER  ERROR _ 

DATA  CX/1. "♦0.0. 5 772 1566490 15 33,- 0.655878071520254,-0.042002635034 

_  1095.. 166539611332292. -4. 2197T34555S443E-2,-. 00962197152 T3TT.Q.0Q72 

218943246663, -1. 1631675916591E-3.-2, 1524 1674 1149E-4.1. 2805023233 92E 

.  3-9.  -2.0134B3478Q7:-S.  -1,2504  j  14921  >6.  U133C2T2320E-6,-2._0  5633  89 _ 

41Ti-7,6.1160950r-9.5.0020075E-9,-1.1812T4oE-9,1.043427E-l0. 7.7923E 
fcI2«-it6g<ia£rUi5«tggo-^3A‘.2«g6o-I1,-3.t9£-15Ut4E-l5il.6tl6/ _ 

X  =  XFP 

_ Z=X _ 

IF  (X.LT.O.E-OI  J  =  X-5.E-1 

IF  (X.GE.0.E»0>  JSX.5.F-1 _ 

IF  <  <  ERROR (  X) • EO.  0).  A  NO.  X.LT.5.E-1)  GO  TO  1614 

IF  t ERROR <X  ).E3. 0  >  GO  TO  1616 _ 

PROCsi.E.O 

IF  <X.GT.1.C«Q)  60  TO  1602 _ 

IF  «X.LT.O.£«OI  GO  TO  1606 

60  TO  1610 _ _ _ 

1602  H* I  NT (XI 

_ QC  16P*  _ 

1604  PROOsPROD»fX-F|_DAT(II> 

Z*X— FLOAT  (  M  * _ ; _ 

GO  TO  1610 

1606  H«INT<ABSm>«l _ 

DO  1608  1*1, X 

1608  PROOsPRQ3/(X.FLD«T(I-l»> _ 

ZsX.FLOAT ( H I 

16»  _ 

00  1612  Ksl ,26 

1612  .Str*SVMtCm«W«« _ 

OGAXHA=PROO/SUX 

_ RETURN _ 

1614  URITE  (6,16181 

RETURN _ 

1616  OGAHHAsOFACTtU-1 ) 

_ seiur-j _ 

1618  FORMAT  (  1H-,  30  HA  TTSMPT  TO  FIND  GANNAtXl  FOR  NONPOSITIVt  INTEGER 

_ *.JN  £M9P3JgRR"  _ 
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* 


* 


* 


FUNCTION  PS  I  (NFF'.ZFP) 

DIMENSION  ZET  A  ( 1 00 ) 

INTEGER  ERROR- 

DATA  ZETA'O.EFO. .644934066843226.  . 202054903159594 »  . 8232223371 1 13 
182E-1.  . 369277551433699E-1?  . 173430619844491E-1»  .834927738192283 

2E-2. . 407735619794434E-2.  .200839282608221E-2.  .994575127018085E-3 

3. . 4941886041 19465E-3*  . 2460865S3308048E-3  »  . 12271334 7578489E-3.  .6 
412481350S87048E-4*  . 30S8873A3070205E-4 .  . 1S2822S94086519E-4*  .7637 
5 1 9763789976F -5 » . 38 1 729326499984E- 5 . . 190B212716S5394E-5. .9539620338 
67280E-6. .4 769329867878 IE-6* . 23845050272773E-6  » . 1 1921992596531 E- 6 , . 
7596081 8905126E-7. . 2980350351 465E- 7 , . 14901 55482837E-7. .745071 1 ’S734 
8E-8. . 3  72533402479E-8  » . 1362659723S1E-8* .93132743242E-9. .46566290650 
9E~9»  .  232831 18337E-9 »  .  1 1 6415S0173E-9 .  . 5820772088E- 1 0 f  .  2910385044F  -  1 
*0,  .  1455192189E-10.  .  7275959S4E-1 1 .  .  363797V5SE-1 1 .  .  181Q9896SE-11 »  .90 
*949478E-12. .45474738E- 12. .227373688- 12. 58*0. E+0/ 

N=NFP 
Z  =  Z  F  F 

DO  1702  1=42.100 
1702  ZETAC I >=5.E- 1*ZETA< I- 1 ) 

F'S  1=0.  E  TO 

IF  (N.EQ.O)  PSI---. 577215664901533 
TERM=0.n+0 
X  =  1 .L  +  0 

RN1  =  <  < -X  <**  CN  +  1 > ) *DF  ACT  <  N ) 

SUM=0.E+0 

IF  (Z.LT.O.E+O)  J=Z-S.E-1 
IF  (Z.GE.O.L+O)  J  =  Z  +  5 . E - 1 
IF  < ERROR < Z ) . EO. 0 )  GO  TO  1726 
IF  (AHS(Z-1 .E  +  0) .LF.S.E-t )  GO  TO  1706 
IF  (Z.LT.5.E-1)  GO  TO  1712 

1704  SUM=SUM+(2~X>**<-N-1 ) 

X=X+1 .0 

IF  <AP3<7-X> .GT.5.E-1)  GO  TO  1704 
TERM=-RN1*SUM 

1705  SUM=0 . E+0 

1706  1=1 
XZ=X-Z 

U  =  DF ACT  <N) 

IF  (N.NE.O)  GO  TO  1710 
W--X7 

1708  1*141 
1710  DIJMMY=SUM 

SUM-  SUM+W+UI*ZETA(N  +  J  ) 

W=W*XZ* FLOAT <N+I > /FLOAT ( I ) 

IF  <  ADS<  SUM-DUMMY >.GL.1.L-15>  GO  TO  1708 
F'SI=PS14<  (-1 . 0  )  **  (  NT  1  )  )*SUM+IERM 
RETURN 
1712  X=-l .0 
1714  X  =  X  +  1  .0 

SUM=SUM+<2+X>**<  -N-l  ) 

IF  <AtfS<7tO.GT.5.E-l>  GO  TO  1714 
TERh=RNl*SUM 
X  =  -X 

GO  TO  1705 
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1724  WRITE  ( 6 » 17*54  ) 

RETURN 

1726  IF  (J.LE.O)  GO  TO  J  724 
JJ“ J  -  l 

IF  (N.EO.O)  GO  TO  1731 
IF  (J.EO.l)  GO  TO  172V 
DO  1720  1*1 *JJ 

1728  SUM=SUH+FLOAr<  I  )*#<-N-l  ) 

1729  PSI~PN1#(  1  . E  l O-SUM+ZE T  A  (  MU') 

RE1 URN 

1731  IF  (J.EO.l >  GO  TO  172.5 
DO  1732  I-l.JJ 

1732  SUM=SUM+l.E+0/FL0AT<I> 

PS1=PSI+SUM 

1733  RE.  TURN 

1736  FORMAT  (  1H~>  89HA  T1 E.MPT  TO  FIND  PS I (Z)  OR  DERIVATIVE  FOR  NQNPOSI 

ITT VF  INTEGER  ARGUMENT  Z  IN  SUBPROGRAM  PS1> 

END 

SUBROUTINE  PLOT  ( Z > H , NPOINTS ) 

C 

C .  .  .  F*LOT  the:  p.d.f.  or  c.d.f.  values  calculated  by  pdf  CDF 

c 

REAL  Z (NPOINTS  >  *H ( NPOINTS ) .  SCALE ( 1 1 > 

INTEGER  GRAPH < 51  » 101 )  »CHAK(5)  t LINE (101) 

DATA  CHAR"  '  -  '  /LINE  /  ,9* f »9» *  9*'-' f '* 

2' 9 '*'/ 

I I*NPOINTS 

KK=101 
LL  =  5 1 

DO  1802  1*1 r  KN 
DO  1802  J-l t LL 
GRAPH ( Jr  I )- ' ' 

1802  CONTINUE 

XMIN-2.0*7< 1)-Z<2) 

IF  (ADS(XMIN) .  GT .1 .  E--10 )  XMIN*Z<1) 

XMAX*7< I I > 

YMAX  - 0 ♦ 0 
YMIN-H(II) 

DO  1004  1*1 » 11 

IF  ( H(  I )  •  GT  •  YMAX )  YMAX=H(I> 

IF  (H(  I  )  .LT.YMIN)  YMlN-HiD 
1804  CONTINUE 

XS  TEPr  <  XNAX-XMIN )  /FLOAT  <I\K-1 ) 

IF  ( YMAX . GT .0.9. AND • YMAX .  L  T  ♦ 1 ♦ 0 )  YMAX* 1.0 
IF  (YMIN.LT.0.1)  YM1N--0.0 
Y5TEP= (YMAX- 1 MJN* /FLOAT (LL-1 ) 

IF  < 0.0. GT . YM1N>  00  TO  1812 
TUI  1006  1*1  til 

K“  IF  INT  (  (/(I  )-XMTN)/XSir:P4  0.45) 

L  '  l  +  I  N  T  <  (  YMAX  -H  (  l  )  )  / Y  S  T F.P  »  0  .  ‘'iO  > 

GRAPH <{  9l\>-CH AR<2) 

1806  CONTINUE 


» 


V. 


176 


N  -1+1NT  l  ALUGIOI  AMAX1  (ADS'.  XMAX  )  .  ABSIXM1N  >  )  )  ) 

ir  (-c.li'.k.anh.o.ue.R)  1,-0 

L--1+JNT<AL0010<YMAX>> 

IF  t-2.LE.L.ANH.2.GE.L>  L=0 
MM-0 

Til)  1  30ft  1  =  1.  LL 

SC ALE ( 1  >  =  ( YMAX-  FLOAT  <I-1)*ySTE;R>/(10.0*#L) 

IF  (HH.EO.O)  ME: !  IE  CA.tOlAi  SCALE  <  1  >»(  GRAPH'  T  .  J ).  J-l  .KK  ) 

IF  IMh.NL.O)  WRITE  (A. 181 A)  <  GRACH  (  I  .  J  )  ,  J=-l  ,  KI-,  > 

MM=MM+ 1 

IF  (MM.EQ.S)  MM  O 
1808  CONTINUE 

SCALE  U)-YMIN/(  10.0**L) 

WRITE  (A.  101 A  ML  TNI  <  I). I  I  .Kl  > 

no  laio  1=1.11 

SCALE ( I ) = ( XMIN+ ( FLOAT ( I -1 > *10.0*X5TEP >>/< 10.0**10 
1810  CONTINUE 

WRITE  (A. 1818)  ( SCALE (I), 1=1. 11) 

WRITE  (6.1320)  10.0*#K. 10.0**L 
RETURN 

ISIS  WRITE  (A.)  S2H  NEGATIVE  VALUE  OF  H  OCCURS.  F’LOl  TERMINATES 
RE  TURN 

1814  FORMAT  (2X.F8.4.  2H  *»101A1> 

191 A  FORMAT  (10X,  2H  I.101A1) 

1818  FORMAT  (9X> 11 (FA.2.4X) ) 

1820  FORMAT  ( // , 10X .  25HH0R120NTAL  SCALE  FACTOR^  .E8.1./.10X.  25HVERTIC 
1AL  SCALE  FACTOR^  ,E8.1) 

END 
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B.2.  GLQSSARI  OF  mUFIERS  IttJWMmBlPRQSaflB 


SUBROUTINES : 


CHECK 

DFACT(N) 
DGAMMA(XFP) 
ERROR (X) 

PDFCDF 

PLOT 

PSI(NFP,ZFP) 

SETUP 


subroutine  that  checks  for  a  validly  defined 

H-  function  and  finds  the  convergence  type. 

function  that  computes  N  factorial. 

function  that  computes  gamma  of  XFP. 

integer  function  that  returns  the  value  zero  if 

X  is  integer  and  one  if  X  is  not  integer. 

subroutine  for  calculation  of  H-  function  values 

by  summation  of  residues. 

subroutine  that  plots  the  PDF  and  CDF. 

function  that  computes  the  NFP-th  derivative  of 

the  psi  function  evaluated  at  ZFP. 

subroutine  that  adjusts  and  orders  H-  function 

parameters  into  arrays  convenient  for  calculating 

residues. 


A(21) 


Al(21) 

B(21) 


BA(21) 


BN 

C 

CA 

CB 

CC 

CD(21) 


CH 

CN 

CNF 

CNFE 
Cl  (21) 
DF1 
DF2 

DZ 


=  Array  for  aA,  i*l,...,n,  the  first  elements  of  ordered 
pairs  in  an  H-  ^unction  parameter  list,  for  a  single 
variate. 

=  Temporary  holding  array  for  second  part  of  array  BA. 

*  Array  for  bit  i*l,...,m,  the  first  elements  of  ordered 
pairs  in  an  H-  function  parameter  list,  for  a  single  > 
variate . 

=  Array  for  a  term  of  the  sum,  arranged  for  convenient 
computing  of  poles  and  residues;  BA(i)*bj  for  i*l,...,nt 
and  BA(m  +  i)  =  1  -  for  i*l, . . .,n. 

=  Binomial  coefficient (PDFCDF  only). 

=  Crump  constant  A. 

=  Upper  bound- for  V,  the  intercept  of  the  contour  integral. 

=  Lower  bound  for  L’(  CHECK  only). 

*  Coefficient  in  H-  function  argument  for  term  IS  of  sum. 

=  Array  for  a  term  of  the  sum,  arranged  for  convenient 

computing  of  poles  and  residues;  CD(i)  *  1  -  b^i,  i=l,..., 
q  -  m  =  IQ  and  CD(i+IQ)  *  an+i ,  i=l, .  ..,p- n*  IP. 

=  Check  value  used  to  find  CA  and  CB  and  to  compare 
convergence  parameter  L  and  E*W  (CHECK  only) • 

=  Distribution  constant  for  term  IS  of  the  sum. 

=  Leading  constant  for  Crump  method,  without  exponential 
part. 

*  Leading  constant  for  Crump  method,  with  exponential  part. 

=  Temporary  holding  array  for  second  Dart  of  arrav  CD. 

*  t  the  factorial  of  KT-1  (PDFCDF  only). 

=  1  the  factorial  of  KT-2,  used  for  PDF  with  pole  at  s*»  i 
(PDFCDF  only). 

=  Step  size  for  Z  (see  input  data  card  1). 
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\ 


I 


E(21) 

F(21) 

FM(190) 

G 

GA(21) 

GARGD(21) 

GARGN(21) 

GAl(21) 

GB(21) 

GBA(21) 


GC1(21) 

GCD(21) 


GE(21) 

GF(21) 

HCDF(lOOl) 

HPDF(lOOl) 

I 

ID(21) 

IDKS 

IDT 

IE 

II 
IJ 
IL 
IP 
IP1 
IQ 
IS 
IT 

11 

12 
J 

JD  , 
JS(21) 


Input  array  of  first  elements  of  H-  function  ordered 
pairs  for  SETUP. 

Output  array  of  first  elements  of  ordered  pairs (SETUP). 
Alphanumeric  array  used  to  print  the  form  of  the  problem 
(limit  of  50  variates  and  constants). 

Second  element  of  an  H-  function  ordered  pair(CHECK). 
Array  for  A^,  i=l, ...,n,  the  second  elements  of  ordered 
pairs  in  an  H-  function  parameter  list,  for  a  single 
variate. 

Array  for  the  values  of  denominator  gamma  arguments  at 
a  given  pole(PDFCDF  only). 

Array  for  the  values  of  numerator  gamma  arguments  at  a 
given  pole(PDFCDF  only). 

Temporary  holding  array  for  second  part  of  array  GBA. 
Array  for  Bi,  i*l,...,m,  the  second  elements  of  ordered 
pairs  in  an  H-  function  parameter  list,  for  a  single 
variate . 

Array  for  a  term  of  the  sum,  arranged  for  convenient 
computing  of  poles  and  residues;  GBA(i)  =  Bi  for  i=l,..., 
m,  and  GBA(m  +  i) * -A^  for  i=l,...,n. 

Temporary  holding  array  for  second  part  of  array  GCD. 
Array  for  a  term  of  the  sum,  arranged  for  convenient 
computing  of  poles  and  residues;  GCD(i)  - -B^i  for  i=l, 

. . . ,q-m  =  IQ,  and  GCD(IQ  +  i)  =  A^^  for  i=l,  ...,p-n*  IP. 
InDut  array  of  second  elements  of  H-  function  ordered 
pairs  for  SETUP. 

Output  array  of  second  elements  of  ordered  pairs (SETUP) . 
Array  for  intermediate  and  final  answers,  CDF  if  KEY*0. 
Array  for  intermediate  and  final  answers,  PDF  if  KEY*0. 
Generally  used  counter. 

Array  giving  the  locations  of  numerator  singularities 
for  a  given -pole (PDFCDF  only). 

ID(KS). 

Indicator  for  identically  distributed  terms  (see  input 
data  card  1). 

Counter  used  to  fill  in  array  PM. 

Counter  in  SETUP,  =  KT-1  in  PDFCDF. 

Counter  used  to  fill  in  array  TO. 

Last  element  in  PM. 

p-n,  for  a  term  of  the  sum. 

I  +■  1  (PDFCDF  only) . 

q-m,  for  a  term  of  the  sum. 

Counter  for  terms  of  the  sum,  IS*1,...,NS. 

Convergence  type,  IT=0,1,...,7  (CHECK). 

Counter  in  SETUP,  *  1-1  to  fill  in  array  PM. 

Counter  in  SETUP. 

Generally  used  counter. 

Temporary  holding  place  for  an  integer  value. 

Array  for  J^,  where  -Jjj<  is  the  next  singularity  of  the 
i-th  gamma  term  in  numerator (PDFCDF  only). 
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JX 

J1 

J2 

K 

KD 

KEY 


KF 

KKM 

KL 

KM 

KMX 

KN 

KNP1 

KP 

KPM 

KPZ 

KR 


KS 

KS1 


KT 

K1 

K2 

L 

IK 

IH,LN,LP,LQ* 
LM1  * 

IK 


LI 

M 

MF 

MI 

ML 


Nearest  integer  value  of  -X  (PDFCDF  only). 

Counter  in  SETUP,  =  J-l  to  fill  in  array  FM. 

Counter  in  SETUP. 

Counter  for  Z,  HPDF  and  HCDF  values. 

Order  of  denominator  singularities  for  a  given  pole 
(PDFCDF  only). 

0  if  PDFCDF  is  used  to  find  the  PDF  and  CDF  of  a  term; 

1  if  PDFCDF  is  used  to  find  the  real  and  imaginary  parts 
of  a  Laplace  transform. 

1  or  KM+1,  first  value  of  K  for  a  LHP  or  a  RHP 
evaluation (PDFCDF  only). 

0  if  HPDF(KL)  is  to  be  evaluated  by  summing  residues; 

KL  otherwise  (PDFCDF  only). 

KM  or  KMX,  last  value  of  K  for  a  LHP  or  a  RHP  evaluation 
(PDFCDF  only). 

Last  value  of  K  for  LHP  evaluation  when  both  LHP  and  RHP 
evaluations  are  made (PDFCDF  only). 

Maximum  possible  value  of  K  (PDFCDF  only). 

Order  of  numerator  singularities  for  a  given  pole 
(PDFCDF  only). 

KN 1 1  (PDFCDF  only). 

Counter  for  number  of  poles  evaluated  (PDFCDF  only). 
Maximum  number  of  poles  evaluated  for  all  terms  in  a  sum. 
Counter  for  number  of  consecutive  times  that  there  is  a 
negligible  value  for  a  residue (PDFCDF  only). 

Counter  for  the  number  of  terms  in  the  sum  with  an  upper 
bound  on  range;  if  the  final  value  is  not  equal  to  NS, 
there  is  no  upper  bound  on  range  for  the  sum. 

Counter  for  number  of  singularities  considered  in  the 
numerator  for  a  given  pole (PDFCDF  only). 

Indicator  for  status  of  pole  at  s*  1;  0  if  not  yet 
considered,  -1  if  under  consideration,  2  if  has  been 
considered (PDFCDF  only). 

Order  of  a  given  pole (PDFCDF  only). 

Counter  in  SETUP;  *  0  in  PDFCDF  if  ZKl(KL) 4  ZM,  else  =1. 
2-  KEY  (PDFCDF  only). 

Counter  in  PDFCDF. 

NS  -  1  if  IDT*1,  *  1  otherwise;  number  of  required 
products  of  Laplace  transform  values. 

Counters  used  to  check  SETUP. 

L-  1  (PDFCDF  only). 

0,  if  both  LHP  and  RHP  evaluation  is  required; 

1,  if  only  RHP  evaluation  is  required; 

-1,  if  only  LHP  evaluation  is  required. 

Counter  in  SETUP, 
m  for  a  term  of  the  sum. 

1  or  M+l,  first  value  for  a  counter  on  BA  or  GBA(PDFCDF). 
Number  of  Crump  values  (see  input  data  card  1). 

M  or  M+N,  last  value  for  a  counter  on  BA  or  GBA(FDFCDF) . 


I 


MM  =  m  for  a  single  variate . 

MN  =  M  +  N. 

MP  =  Maximum  number  of  poles  (see  input  data  card  1). 

N  =  n  for  a  term  of  the  sum. 

NAY  =  Indicator  for  an  error  requiring  program  termination. 

NF  =  Number  of  first  variate/constant  for  term  IS  of  the  sum. 

NH  =  Counter  for  variate /constant  under  consideration; 

=  1,...,NLT(NS). 

NL  =  Number  of  last  variate /constant  for  term  IS  of  the  sum. 

NLT(50)  *  Array  for  values  of  NL  (see  input  data  card  2). 

NLTL, NLTS  *  Temporary  values  used  to  check  ascending  order  of  NLT. 
NN  =  n  for  a  single  variate. 

NP  =  Indicator  for  plotting  requirement  (see  input  data 

card  1). 

NS  =  Number  of  terms  in  the  sum  (see  input  data  card  1). 

NT  *  1  if  IDT*  1,  =  NS  otherwise. 

NV  =  Type  of  variate  (see  input  data  cards). 

P  *  p  for  a  term  of  the  sum. 

PCT  *  Proportion  of  maximum  Z  (see  input  data  card  1). 

PHI  *  Variate  parameter  (see  input  data  cards). 

PL(21)  *  Array  for  the  next  value  of  the  pole  for  the  i-th  term 

in  the  numerator (PDFCDF  only). 

PM1  =  PWR-  1  (SETUP  only). 

POW  =  Power  to  which  variate  is  raised  (see  input  data  cards). 

PP  *  p  for  a  single  variate. 

PR0D1.PR0D2, 

PROD3»PROD4-=  Products  used  in  computing  VZERO(PDFCDF  only). 

PSI1(20)  =  Psi  function  values  (1,1),  used  when  order  of  a  pole  is 

more  than  2. 

PSI  =  PCW~  1* 

PWR  *  POW  (SETUP  only). 

Q  *  q  for  a  term  of  the  sum. 

QP  =  IP  +  IQ  =  p-n  +  q-m,  number  of  denominator  gamma  terms. 

QQ  *  q  for  a  single  variate. 

RES  *  1,  if  residue  at  s  *  1  is  not  included  in  finding  CDF; 

*  0,  otherwise  (PDFCDF  only). 

RL  *  Lower  bound  on  range  of  Z,  if  one  exists  that  is  >  Z0. 

RU  *  Upper  bound  on  range  of  Z,  if  one  exists  that  is  <  ZN. 

S  =  Value  of  the  pole  under  consideration(PDFCDF  only). 

SMPL  *  Difference  between  poles  of  gamma  functions,  used  to 

determine  the  unevaluated  pole  with  smallest  magnitude 
and  its  order  in  the  numerator (PDFCDF  only). 

SMI  *  S  -  1  (PDFCDF  only). 

SV  *  1  for  LHP  evaluation,  *-  1  for  RHP  (PDFCDF  only). 

S1,S2,S3,S4=  Values  used  in  SETUP. 

T  =  Crump  constant  T. 

TC  *  Coefficient  in  H-  function  argument,  for  a  single 

variate . 

TD  *  Convergence  parameter  ID  (CHECK  only). 

TD1.TD2  =  Values  used  to  compute  TD  and  TP  (CHECK  only). 


L 
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THETA  =  Variate  parameter  (see  input  data  cards). 

TL  =  Convergence  parameter  L  (CHECK  only). 

TLI(IOOI)  =  Imaginary  parts  of  Laplace  transform  values. 

TLR(lOOl)  ■  Real  parts  of  Laplace  transform  values. 

TN  *  Distribution  constant  for  a  single  variate. 

TP  =  Convergence  parameter  E  (CHECK  only). 

TR  =  Convergence  parameter  R  . 

T1,T2  =  Temporary  values  of  TLR(I)  and  TLI(I). 

V(22,2)  *  VZERO  through  V(KT-  1)  array(PDFCDF  only). 

VDK  =  Final  value  of  the  residue  for  a  given  pole  and  a 

given  K  (PDFCDF  only). 

VMX  =  Maximum  residue  for  a  given  pole  and  for  all  K 

(PDFCDF  only). 

VP1.VP2  =  V(l,l)  and  V(l,2)  without  Z**-S  term(PDFCDF  only). 

VZ1  *  0.0  if  counter  L  is  odd,  PSI1  term  not  added  to  V(L, l); 

■  1.0  if  L  is  even,  PSI1  term  added  to  W(L, 1)  (PDFCDF). 
W(21,2)  =  VZERO  throuvh  V(KT-  2)  (PDFCDF  only). 

VI  =  Imaginary  part  of  VZERO  (PDFCDF  only). 

WR1.WR2  =  VZERO,  or  V(l,l)  and  V(l,2),  without  -logZ  term(PDFCDF) . 
X  -  Argument  of  a  gamma  function  for  a  given  pole (PDFCDF) • 

XG(21)  «  Temporary  holding  array  for  GBA  and  GCD  elements,  used 

to  set  up  GBA  and  GCD  for  the  Laplace  transform 
H-  function  for  term  IS  of  the  sum. 

XL(21)  =  Temporary  holding  array  for  BA  and  CD  elements,  used  to 

set  up  BA  and  CD  for  the  Laplace  transform  H-  function 
for  term  IS  of  the  sum. 

Y  =  Temporary  holding  place  for  old  TLR(l)  value  when 

computing  new  TLR(I)  and  TLI(I)  values. 

ZC  =  Constant  for  argument  increments  in  Crump  method. 

ZF  *  Starting  Z  value (PDFCDF  only). 

ZI  =  Imaginary  part  of  Crump  complex  number. 

ZIMK  *  Imaginary  part  of  Crump  complex  number (PDFCDF  only). 

ZK  =  ZK1(K). 

ZK1(1001)  *  Array  for  values  of  Z. 

ZK2(1001)  *  Array  for  arctan  or  log  values (PDFCDF  only). 

ZL  =  Final  Z  value  if  KEY-0,  -  ZC  if  KEY-  1  (PDFCDF  only). 

ZLN(lOOl)  *  Array  for  log  values(PDFCDF  only). 

ZM  -  Z  value  that  separates  LHP  and  RHP  evaluations. 

ZN  *  Last  Z  value  (see  input  data  card  1). 

ZO  -  First  Z  value  (see  input  data  card  1). 

ZT  *  Value  used  to  change  or  test  reasonableness  of  ZO,  ZN, 

and  DZ  inputs  and  ZF,  ZL,  and  ZM  values. 

Z1,Z2  =  Temporary  values  used  in  Crump  method. 
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*  APPENDIX  C:  EXAMPLES  OF  COMPUTER  PROGRAM  OUTPUT  j,  * 

The  following  examples  were  run  at  The  University  of  Texas  at 
Austin  on  a  CYBER  170/750B,  using  the  computer  program  of  Appendix  B.  i 

C.l.  SUM  OF  TWO  IDENTICALLY  DISTRIBUTED  EXPONENTIAL  VARIATES 
Problem  requirements : 

Variates  have  exponential  distributions  with  PHI  =2.0 
Z0  =  0.0  ZN  *  10.0  12  =  0.2 

Distribution  of  individual  variate  is  desired 
Plots  are  desired 
Input  data  cards: 


0.0  10.0  0 

.2  2 

1  100 

1001  1.0  1 

1 

5  0.0  2.0 

1.0 

Computer  Time; 

I/O  Time  = 

3*939 

*  .8  = 

3.151  seconds 

CPU  Time  = 

7.792 

*  1.6  = 

12.467  seconds 

TM  Time  = 

15.618  seconds 

A 


tN*M  *■'•*•*  -:t  •"  *»■■**•*»»* 


-fl  O  N  M  w  03  N  >0  -O  0>  Q3  <?  N  -h  ?<5  i-i  03  fi  O  M  C  l 

■i  O'  >  n  h  in  «  h  n  o  n  n  ci  in  a  n  o  m  cm  c-  ?  o  Mj3  -c 

=>>  n  -rt  O'  c-i  cs  ci  r*  «o  03  >0  c-i  o  rs  v3  <r  o  n  co  t>-  o-  is  in  c-i 

s'  n  i>  <r  c  t  o>  m  <s  o>  roi  n  o>  ^  «  fi  -o  n  a  o»  c  n  n  w 

Ci  C3  C3  -<r  in  iC3  in  'C  *0  'C  is  C.  /s  IS  03  (33  (33  (33  CD  (33  CD  O'  O'  O'  Cs 

O'  O'  O'  O'  O'  O'  O'  0'0'0'  O'  O'  O'  O'O'O'O'O'O'O'O'O'O'O'O' 


ro  u~  ci  <r  uo  i-i  ci  is  o>  c-i  c-i  uo  03  <i  co  «?■  O'  'O  cc  uo  m  O' 

CO  O  O  ^  O'  C-i  (33  C  33  O  ><3  'O  00  C-i  i)0  CO  O'  CO  f*3  iiO  C-i  <T  ^  C-i  'O 

^'0«ry)CSU'3m<T'0O'Cr<3'-i^!^c-i'<rC'i-iinou0'H!sr<3 
MO  O  (C  <T  Ci  O  (33  <0  13  N  Ci  ^  C  O'  S  N  'O  'C  «3  b'  O-  <r  (O  « 

M  ro  CO  C-i  C-i  C-i  C-i  -rt  -rt  r-t  rC  ,-i  ,-h  o  o  o  o  c  ©  o  o  o  o  o 

oooocoocooooooococooooooo 


oaooococcooocoocoooccoceo 
oooocooocooooooeooocoooco 
ooocooooooocoococoeoooooo 
W  >0  CO  O  Ci  "C  ffi  O  C-i  <f  -O  CD  O  C-i  <f  ^  03  O  C  i  <f  -<3  s  o 
♦  *♦♦♦♦»  ♦♦♦  *♦♦*♦*«•♦**«■**♦ 
oosiOuouO'O'O'O'G'QiNiNiNrsrvaooocococoo'O'O-O'O-o 


nO'C-ioo'CJinr<Ort3''(3aiNOM'OHHn«rNHC-iio 
■O'OCOCO'CCOHMOC-iC-IO'OONOrtOM'O’rO'^ajH 
'HCi^'0-c-M<?-'0-<T-r-i-wco<r^-ci3^rofs<r'OLO<-i!NCiO' 
iiO-rnO'O'M  ^rooMC-iC'C3C'f,3'003rs<ro«rrsO'0'0'r' 
O'  03  in  Ci  O'  in  O  in  O'  r*3  -0  O'  C-i  in  IS  O'  -rt  P3  IiO  'O  IV  CD  O'  O  -T-t 
O'-iCii<3f0'0-!i‘3ii0ii0'0'0'0C'|Sr'!Vi3303a303C0a3C330'0' 


O'  uo  O'  o  uo  'O  ro  un  o  'O  n  <s  03  uo  co  Ci  (>■  <r  03  co  c-i  O'  O'  ca 
T^'0O'0'0O0''CCD-5r,~3  0''00''0^«r,TC0'0CiociiiT*r 
c3  rr  ci  <c  ci  >o  cj  c  <r  m  c-i  cinow'OC'OMVHMo 

ci  0  o  iii  «  <r  a  <r  n  -i3  o  k  h  o  n  Ci  <r  n  h  ijo  o  n  h 

33  o  n  n  o  n  Ci  o  a  >c  n  m  r-i  n  o  0-  m  c  -o  m3  n  yo  <r 

C  T  N  M  N  f-i  CI  Ci  C-I  rt  rH  H  rt  w  h  h  O  O  O  O  O  O  O  O  O 


ooooooooooooooooooooooooo 
oooooooooooooococoooocooo 
ooooooooooooooooooooooooo 
ci  <r  >0  o  o  Ci  <r  <o  3  O  Ci  3  o  C(  <r  -c  3  o  c-i  <r  m3  3  o 


h  rH  h  h  m  ci  r-i  N  ct  rc  rc  n  fc  <r  <r  t  <r  <r 


0000 


emit,  at  I  vr  msiRinui  ion  function 


10.00 


V 


i.immAllVt.  1»1  SIK1BUII0N  FUNCTION 


0000 


Problem  requirements; 

Exponential  distributions  have  parameters  0j=2.O  and  t>2~3-0 
ZO  =  0.0  ZN  =  15.0  DZ  *  0.2 
Distributions  of  individual  variates  are  not  desired 
Plots  are  desired 
Input  data  cards: 

0.0  15.0  0.2  2  0  100  1001  1.0  0  1 

1  2 

5  0.0  2.0  1.0 
5  0.0  3.0  1.0 
Computer  Time; 

I/O  Time  *  4.003  *  .8  =  3*202  seconds 
CPU  Time  *  16.204  *  1.6  =  25.926  seconds 


TM  Time  * 


29.128  seconds 


000,  1.000) 


V, 


i 
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MAXIMUM  NUMBER  OF  POLES  EUALUATED  =  IOO 
Z  PDF <  Z )  CDF(Z) 


.2000 

.030675 

.003154 

.4000 

.056439 

.011942 

.6000 

.077912 

.025444 

.8000 

.095611 

.042855 

1.0000 

.109999 

.063467 

1.2000 

.121508 

.086663 

1.4000 

.130506 

.111903 

1 .6000 

.137316 

.138719 

1.8000 

.142242 

.  166704 

2.0000 

. 145540 

.195508 

2 . 2000 

.147433 

.224826 

2.4000 

.148134 

.254402 

2.6000 

.147821 

.284012 

2.8000 

.146642 

.313472 

3.0000 

.144748 

.342622 

3.2000 

.142260 

.371332 

3.4000 

.139273 

.399492 

3.6000 

.135894 

.427015 

3.8000 

.132204 

.453829 

4.0000 

. 128260 

.479879 

4.2000 

. 124139 

.505122 

4.4000 

.119895 

.529527 

4.6000 

.115554 

.553072 

4.8000 

.111176 

.575746 

5.0000 

.106797 

.597543 

5.2000 

.102418 

.618464 

5.4000 

.098089 

.638514 

5.6000 

.093836 

.657705 

5.8000 

.089638 

.676051 

6.0000 

.085542 

.693568 

6.2000 

.081569 

.710277 

6.4000 

.077675 

.726199 

6.6000 

.073911 

.741357 

6,8000 

.070298 

.755775 

7.0000 

,066770 

.769479 

7.2000 

.063382 

.782494 

7.4000 

.060163 

.794845 
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7.6000 

.057018 

.306560 

7.8000 

.054013 

.817663 

8.0000 

.051194 

.828181 

8.2000 

.048424 

.838138 

8.4000 

.045788 

.847561 

8.6000 

.043356 

.856472 

8.3000 

.040937 

.864896 

9.0000 

.038639 

.872857 

9.2000 

.036573 

.880375 

9.4000 

.034474 

.387473 

9.6000 

.032475 

.394173 

9.8000 

.030753 

.900493 

10.0000 

.028937 

.906454 

10.2000 

.027192 

.912074 

10.4000 

.025795 

.917371 

10.6000 

.024225 

.922360 

10.8000 

.022683 

.927062 

11.0000 

.021598 

.931489 

11.2000 

.020238 

.935656 

11.4000 

.018844 

.939580 

11.6000 

,018068 

.943272 

11.8000 

.016887 

.946743 

12.0000 

.015571 

.950011 

12.2000 

.015118 

.953084 

12.4000 

.014091 

.955969 

12.6000 

.012771 

.958686 

12.8000 

.012673 

.961239 

13.0000 

.011783 

.963633 

13.2000 

.010348 

,965889 

13.4000 

.010667 

.968008 

13.6000 

.009911 

.969990 

13.8000 

.008210 

.971861 

14.0000 

.009043 

.973617 

14.2000 

.008441 

.975254 

14.4000 

.006262 

.976804 

14.6000 

.007755 

.978260 

14.8000 

.007364 

.979609 

15.0000 

.004396 

.980892 

»iv01«fW*ILlTY  M'NSITY  FUNCTIUH 


U'Htli  A1  !Vt  UI*31MKU!1UN  FUNCTION 


10,50  12.00  13.50  15.00 
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